A Massive Field-Theoretic Model for Hodge Theory by Krishna, S. et al.
A Massive Field-Theoretic Model for Hodge Theory: Possible
Candidates for Dark Matter and Dark Energy
S. Krishna(a),∗, R. Kumar(b), R. P. Malik(c,d)
(a) Indian Institute of Science Education and Research Mohali,
Sector 81, SAS Nagar, Manauli, Punjab–140306, India
(b)Department of Physics & Astrophysics,
University of Delhi, New Delhi–110007, India
(c)Physics Department, CAS, Institute of Science,
Banaras Hindu University (BHU), Varanasi–221005, India
(d)DST–CIMS, Institute of Science, BHU, Varanasi–221005, India
E-mails: skrishna.bhu@gmail.com; raviphynuc@gmail.com; rpmalik1995@gmail.com
Abstract: Within the framework of Becchi–Rouet–Stora–Tyutin (BRST) formalism, we
show that the four (3+1)-dimensional (4D) massive Abelian 2-form gauge theory (without
any interaction with matter fields) is a model for the Hodge theory because its discrete and
continuous symmetry transformations (and their corresponding Noether conserved charges)
provide the physical realizations of the de Rham cohomological operators of differential
geometry at the algebraic level. For this purpose, we incorporate the pseudo-scalar and
axial-vector fields which appear in the theory with negative kinetic terms (but with proper
definition of mass). Thus, these latter fields are the candidates for the dark matter. The
massless limit of our present discussion leads to these new fields to acquire only the negative
kinetic terms and, hence, these correspond to the candidates for the dark energy. The
negative kinetic terms for the above fields are essential so that our theory could respect the
discrete symmetry transformations which provide the physical realizations of the Hodge
duality operation. Thus, our present endeavour, not only provides the physical realizations
of all the mathematical ingredients connected with the de Rham cohomological operators
of differential geometry, it also sheds light on the existence and emergence of dark matter
and dark energy in a unified manner.
PACS numbers: 11.15.-q; 11.30.-j; 03.70.+k; 95.35.+d
Keywords: 4D massive Abelian 2-form theory; (anti-) BRST symmetries; (anti-)co-BRST
symmetries; coupled Lagrangian densities; Curci–Ferrari type restrictions; de Rham co-
homological operators; pseudo-scalar field; axial-vector field; negative kinetic term; dark
matter; dark energy
∗Present Address: Department of Physics, Zakir Husain Delhi College, University of Delhi,
New Delhi–110002, India.
ar
X
iv
:1
80
9.
07
66
4v
2 
 [h
ep
-th
]  
18
 O
ct 
20
18
1 Introduction
The standard model of particle physics, based on the fundamental principles of local gauge
invariant (non-) Abelian 1-form gauge theories, is one of the most successful theories of
high energy physics where there is a stunning degree of agreement between theory and
experiment. This model also provides the theoretical framework for the unification of
electromagnetic, weak and strong interactions of nature. However, one has to go beyond
the purview of standard model of particle physics in view of the fact that the neutrinos have
been found to be massive by precise experimental observations. This experimental result
is one of the many crucial reasons that has compelled theoretical physicists to propose new
models in high energy physics that are mostly based on the ideas of supersymmetry. For
instance, the supersymmetric models of quantum field theories and superstring theories.
One of the hottest candidates (and theoretically beautiful models), in this direction, is
the basic ideas behind (super)string theories which lead to the theoretical description of
quantum gravity. These theories also provide a theoretical framework for the unification
of all four fundamental forces of nature. In the quantum excitations of the superstring
theories, the higher p-form (p = 2, 3, 4, ...) gauge fields appear very naturally thereby going
beyond the realm of standard model of particle physics in a subtle manner (because the
latter theoretical model, as stated earlier, is based only on the basic principles of local gauge
invariant (non-)Abelian 1-form theories). Thus, the study of higher p-form (p = 2, 3, 4, ...)
gauge theories has become quite interesting and important during the last few years due
to its connection with the (super)strings and their quantum excitations.
In the covariant canonical quantization of gauge theories of any kind, the role of Becchi–
Rouet–Stora–Tyutin (BRST) formalism [1–4] is quite crucial as it maintains unitarity and
“quantum” gauge invariance at any arbitrary order of perturbative computations for any
physically allowed process. We have established, in our earlier works [5, 6], that any ar-
bitrary Abelian p-form (p = 1, 2, 3, ...) gauge theory, in D = 2p dimensions of spacetime,
is endowed with the (anti-)BRST as well as (anti-)co-BRST symmetries within the frame-
work of BRST formalism. Such theories have been shown to provide a set of tractable
physical examples for the Hodge theory where the symmetries (and corresponding con-
served charges) provide the physical realizations of the de Rham cohomological operators
of differential geometry [7–10]. In our earlier works [5, 6, 11–16], we have established that
the 2D (non-) Abelian 1-form gauge theories, 4D Abelian 2-form and 6D Abelian 3-form
gauge theories provide the examples of Hodge theory. Such studies are physically impor-
tant because we have shown that the 2D (non-)Abelian gauge theories provide a set of new
models of topological field theories (TFTs) [17] which capture a few aspects of Witten-type
TFTs [18] and some salient features of Schwarz-type TFTs [19]. In addition, it has been
shown that the free 4D Abelian 2-form and 6D Abelian 3-form gauge theories are the ex-
amples of quasi-TFTs [6, 20]. An interacting Abelian 1-form gauge theory (with massless
Dirac fields) has also been shown to be a perfect model of Hodge theory [21] because of its
various discrete and continuous symmetries and their connections with the algebra of de
Rham cohomological operators of differential geometry (including Hodge duality).
All the theories, that have been mentioned in the previous paragraph, are massless
Abelian p-form gauge theories which have been shown to be the model for the Hodge
theory in D = 2p dimensions of spacetime within the framework of BRST formalism [5,6].
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In our earlier work [22], for the first time, we have demonstrated that the Stu¨ckelberg
modified 2D Proca theory (i.e. a massive 2D Abelian 1-form gauge theory) is also a model
for the Hodge theory provided we invoke a new field in the theory (which is nothing but a
pseudo-scalar field that turns up in the theory with negative kinetic term). The continuous
and discrete symmetries of the theory enforce the scalar field of the theory to possess the
positive kinetic term but the pseudo-scalar field of the theory, as pointed out earlier, is
forced to acquire a negative kinetic term (with a proper well-defined mass). Hence, the
latter field mimics one of the key properties of the dark matter which is very popular in
modern literature [23–26]. Thus, the 2D Stu¨ckelberg modified Proca theory (i.e. a massive
2D Abelian 1-form gauge theory) provides a theoretical basis and motivation to look for
the discussion of existence and emergence of dark matter/dark energy in the physical four
(3 + 1)-dimensional (4D) theories within the framework of quantum field theory (QFT)
where the BRST formalism plays a crucial role (as far as symmetry properties and their
conserved charges are concerned).
The central theme of our present investigation is to carry forward the ideas [22] of 2D
Stu¨ckelberg modified massive Abelian 1-form gauge theory (i.e. the modified Proca theory)
to the four (3 + 1)-dimensional massive Abelian 2-form gauge theory and demonstrate
the existence of axial-vector and pseudo-scalar fields which turn up with negative kinetic
terms (but with well-defined mass as they satisfy the Klein-Gordon equation). In fact,
the symmetries of the Stu¨ckelberg modified massive Abelian 2-form gauge theory are such
that they fix all the signatures of all the terms that appear in the coupled (but equivalent)
Lagrangian densities of our present theory. These symmetries are responsible for the proof
of a massive physical 4D model to become an example of Hodge theory within the framework
of BRST formalism. To be precise, we have six continuous symmetries in the theory, out
of which, four are fermionic (supersymmetric-type) and two of them are bosonic in nature.
We have shown that the algebra of continuous symmetry transformation operators (and
corresponding conserved charges) obey exactly the same algebra as the algebra of the
de Rham cohomological operators of differential geometry. In addition to the above six
continuous symmetries, we have also two appropriate discrete symmetries in the theory
which provide the physical realizations of Hodge duality operation of differential geometry.
As far as the physical consequences of our present study is concerned, we claim that the
existence and emergence of fields/particles as the candidates of dark matter/dark energy is
the culmination of all our earlier works [5,6,11–16]. This result is superior to our proposal
for the existence of 4D and 6D quasi-TFTs and a couple of new models for the 2D TFTs
within the framework of BRST formalism (see, e.g. [5, 6, 11–17] for details).
Against the backdrop of our discussions in the previous paragraphs, we would like
to say a few things about the modern theoretical understanding of the candidates for
the dark matter and dark energy [23–26]. One of the pressing problems of theoretical
physics of modern times is to explain the accelerated expansion of our Universe which
has been established by experimental observations [27–32]. The idea of the existence of
dark matter and dark energy has been invoked to explain the accelerated expansion of our
present Universe. During the past few years, the fields/particles with negative kinetic terms
have been considered by many theoretical and experimental researchers as the candidates
for the dark matter and dark energy [33–37]. One of the central themes of our present
investigation is to demonstrate the existence of massive pseudo-scalar and axial-vector
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fields in the discussions of the massive 4D Abelian 2-form gauge theory where the above
fields (with negative kinetic terms) appear due to the symmetry considerations. In fact, in
our earlier works on 2D Proca theory [22], we have established the existence of a massive
pseudo-scalar field with negative kinetic term (see, also Appendix A) which is required in
the proof of this theory to be a model for the Hodge theory. It is but natural to conclude
that, in the massless limit, the above pseudo-scalar field becomes a candidate for the dark
energy. Thus, in our present endeavour, we provide the unified theoretical explanation for
the existence and emergence of the dark matter and dark energy within the framework of
QFT where the BRST formalism plays a decisive role in the proof of the theory to be an
example of Hodge theory.
The following motivating factors have been at the heart of our present investigation.
First and foremost, so far, we have been able to prove the 2D Proca (i.e. a massive Abelian
1-form) theory to be an example of Hodge theory [22]. Thus, it has been a challenge for us to
prove a massive physical 4D Abelian 2-form theory to be a model for the Hodge theory. We
have accomplished this goal in our present endeavour. Second, in our earlier work [15], we
have shown that the 4D free Abelian 2-form gauge theory is a model for the Hodge theory.
Thus, it has been a tempting and interesting problem for us to prove the massive version
of the above 4D theory to be a model for the Hodge theory, too. We have achieved this
objective in our present investigation. Finally, the underlying mathematical/theoretical
exercises (connected with the proof of the models to be the examples of Hodge theory)
have been done by us for the 1D, 2D, 4D and 6D theories which are nothing but the toy
models in 1D [38, 39] as well as the field theoretical systems [5, 6, 11–17, 20–22] in various
other dimensions. It has been a challenge for us to show the physical implications of these
studies. In our present investigation, we have demonstrated that such studies lead to the
emergence of fields/particles with negative kinetic terms which are candidates for the dark
matter and dark energy [23–26] within the framework of BRST approach to QFT.
The contents of our present investigation are organized as follows. First of all, we discuss
the bare essentials of the Stu¨ckelberg approach to convert the massive 4D Abelian 2-form
theory (endowed with second-class constraints) into a gauge theory (endowed with first-
class constraints) by adding some extra fields (i.e. the analogue of the usual Stu¨ckelberg’s
fields) in Sect. 2. The linearized version of the coupled (but equivalent) Lagrangian den-
sities (that respect the (anti-)BRST symmetry transformations) are discussed in Sect. 3.
Our Sect. 4 deals with the discussions on the off-shell nilpotent (anti-)co-BRST symmetry
transformations. In Sect. 5, we elaborate on the existence of a unique bosonic symmetry
transformation for our (anti-)BRST and (anti-)co-BRST symmetry invariant Lagrangian
densities. In Sect. 6, we discuss the existence of the ghost-scale symmetry and discrete
symmetry transformations. Our Sect. 7 deals with the algebraic structures of all the con-
tinuous symmetry transformations (and corresponding conserved Noether charges) where
we establish their connection with the algebra of the de Rham cohomological operators. In
Sect. 8, we concisely mention the fields with negative kinetic terms which are the candi-
dates for the dark matter/dark energy. Finally, we make some concluding remarks in Sect.
9 and point out a few future directions for further investigation(s).
In our Appendix A, we briefly mention the ideas behind the existence of a pseudo-scalar
field with negative kinetic term in the context of a 2D Proca theory (which is a precursor
to our discussions on/about the 4D massive Abelian 2-form theory). Our Appendix B is
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devoted to the discussion of change in the kinetic term ( 1
12
HµνηHµνη) for the gauge field
Bµν due to the transformation for gauge field Bµν (cf. Eq. (2) below). In our Appendix C,
we demonstrate diagrammatically the existence of CF-type restrictions for our model.
Convention and notations: We adopt the convention of the left-derivative w.r.t. all
the fermionic fields of our theory in appropriate/relevant computations. The background
flat metric tensor for the 4D Minkowskian spacetime manifold is chosen to be: ηµν ≡ ηµν =
diag (+1,−1,−1,−1) so that for a non-null vector Aµ, the dot product ∂ ·A = ηµν∂µAν =
∂0A0−∂iAi ≡ ηµν∂µAν where the Greek indices µ, ν, λ, ... = 0, 1, 2, 3 correspond to the time
and space directions and the Latin indices i, j, k, ... = 1, 2, 3 stand for the space directions
only. We choose the 4D Levi-Civita tensor εµνλκ such that ε0123 = +1 = −ε0123 and
εµνλκε
µνλκ = − 4!, εµνλκεµνλρ = − 3! δρκ, etc. and ε0ijk = −ε0ijk ≡ ijk is the 3D Levi-Civita
tensor. We adopt the notations s(a)b and s(a)d for the (anti-)BRST and (anti-)co-BRST
[i.e (anti-)dual BRST] symmetry transformations (and corresponding charges are denoted
by Q(a)b and Q(a)d) in the whole body of our text. These transformations (i.e. s(a)b and
s(a)d) are supersymmetric-type in nature as they transform bosonic fields into fermionic
fields and vic`e-versa. We also choose the convention of derivative w.r.t. the second-rank
antisymmetric tensor field as: (∂Bµν/∂Bρσ) =
1
2!
(
δρµ δ
σ
ν − δρν δσµ
)
, etc.
Standard definitions: We briefly mention here the basic concepts behind the key def-
initions of differential geometry that are needed for the full appreciation of our present
work:
1. de Rham cohomological operators: On a compact manifold without a boundary, we
define a set of three operators (d, δ, ∆) which are christened as the exterior derivative
operator, co-exterior derivative operator and Laplacian operator, respectively. These
operators follow an algebra: d2 = 0, δ2 = 0, ∆ = {d, δ}, [δ, d] = [∆, δ] = 0 which
is popularly known as the Hodge algebra where the (co-)exterior derivatives (δ)d are
connected by the relationship: δ = ± ∗ d ∗. Here ∗ is nothing but the Hodge duality
operation on a given compact manifold without a boundary.
2. Hodge decomposition theorem: On the manifold discussed above, any arbitrary form
fn (of degree n) can be uniquely written as the sum of a harmonic form (ωn), an exact
form (en) and a co-exact form (cn) as
fn = ωn + en + cn,
where en = dgn−1, cn = δhn+1. Here gn−1 and hn+1 are the non-zero forms of degree
(n− 1) and (n+ 1), respectively. In other words, we have the following
fn = ωn + dgn−1 + δhn+1,
where ωn is the harmonic form (i.e. ∆ωn = 0⇒ dωn = 0 and δωn = 0).
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2 Preliminaries: Lagrangian formulation
We begin with the four (3+1)-dimensional (4D) Kalb–Ramond Lagrangian density [40–42]
for the free Abelian 2-form massive theory (with rest mass m) as (see, e.g. [43] for details)
L(0) = 1
12
HµνηHµνη − m
2
4
BµνBµν , (1)
where the antisymmetric (Bµν = −Bνµ) tensor field Bµν is the 4D Abelian 2-form(
B(2) = 1
2!
(dxµ∧dxν)Bµν
)
gauge field and the curvature (i.e. field strength) tensor Hµνη =
∂µBνη+∂νBηµ+∂ηBµν is derived from the 3-form
(
H(3) = dB(2) ≡ 1
3!
(dxµ∧dxν∧dxη)Hµνη
)
.
It is clear that the mass dimension of Bµν is [M ] in the natural units (~ = c = 1) for the
4D theory. Because of the presence of mass term (−m2
4
Bµν B
µν), there is no gauge invari-
ance at this stage because the above Lagrangian density is endowed with the second-class
constraints (see, e.g. [43]) in the terminology of Dirac’s prescription for the classification
scheme [44,45]. We note that the Euler-Lagrange equation of motion (EL-EOM) from L(0)
is: ∂µH
µνη + m2Bνη = 0. It is clear that we obtain the usual Klein-Gordan equation [i.e.
(2 + m2)Bµν = 0] for the massive Abelian 2-form field (Bµν) because we note that the
EL-EOM: ∂µH
µνη + m2Bνη = 0 implies that ∂µB
µν = ∂νB
µν = 0. The latter conditions
are true (i.e. ∂ν∂µH
µνη + m2 ∂νB
νη = 0 ⇒ ∂νBνη = 0) because, for the massive Abelian
2-form theory, we note that the rest mass m 6= 0.
Using the celebrated Stu¨ckelberg’s technique, it can be checked that, we can have the
following modification/redefinition for the antisymmetric tensor field Bµν
Bµν → Bµν − 1
m
Φµν − 1
2m
εµνηκ Φ˜
ηκ ≡ Bµν − 1
m
(
∂µφν − ∂νφµ + εµνηκ ∂ηφ˜κ
)
≡ Bµν − 1
m
Φµν − 1
m
Fµν , (2)
where the Abelian 2-form Φ(2) = 1
2!
(dxµ ∧ dxν) Φµν ≡ dΦ(1) (with vector 1-form Φ(1) =
dxµ φµ, Φµν = ∂µφν−∂νφµ) is constructed from a vector field φµ. On the contrary, the dual
antisymmetric tensor Φ˜µν = ∂µφ˜ν − ∂νφ˜µ is constructed with the help of an axial-vector φ˜µ
which is derived from the axial-vector 1-form Φ˜(1) = dxµ φ˜µ. To make the parity of Bµν ,
Φµν and Φ˜µν on equal footing, we have taken, in Eq. (2), the following
∗ d Φ˜(1) = 1
2!
(dxµ ∧ dxν)Fµν , (3)
where Fµν = 12! εµνηκ Φ˜ηκ and ∗ is the Hodge duality operation on a 2-form (d Φ˜(1)) which is
defined on a flat 4D Minkowskian spacetime manifold†. It is straightforward to check that
the Lagrangian density (1) transforms to the following [43]
L(0) → L(1) = 1
12
HµνηHµνη − m
2
4
BµνBµν − 1
4
ΦµνΦµν +
1
4
Φ˜µνΦ˜µν
+
m
2
BµνΦµν +
m
4
εµνηκBµνΦ˜ηκ, (4)
†We would like to mention here that, in our earlier work on the local duality invariance of Maxwell’s
equations with two potentials [46], we have defined the field strength tensor as: Fµν = ∂µVν − ∂νVµ +
εµνηκ ∂
ηAκ where Vµ and Aµ are the vector and axial-vector potentials, respectively.
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(modulo some total spacetime derivative terms) under the modification (2). It should be
noted that the kinetic term (i.e. 1
12
HµνηHµνη) does not change
‡ in a meaningful manner
under the redefinition/modification (2). For our 4D theory, it is straightforward to note
that the mass dimension of fields φµ and φ˜µ is [M ] in the natural unit where ~ = c = 1.
The above Lagrangian density respects (i.e. δ
(1)
g L(1) = 0) the following “scalar” gauge
transformation δ
(1)
g , namely;
δ(1)g φµ = ∂µΣ, δ
(1)
g φ˜µ = ∂µΣ˜, δ
(1)
g Bµν = 0, (5)
where Σ is a scalar and Σ˜ is a pseudo-scalar local transformation parameters. In addition, it
also respects the following other symmetry (i.e. “tensor” gauge symmetry) transformations
δ(2)g φµ = −mΛµ, δ(2)g φ˜µ = 0, δ(2)g Bµν = − (∂µΛν − ∂νΛµ), (6)
where Λµ is a local Lorentz vector gauge transformation parameter. To be more precise,
it can be explicitly checked that δ
(2)
g L(1) = ∂µ
[ − mεµνηκ Λν (∂ηφ˜κ)]. Thus, the action
integral S =
∫
d4xL(1) remains invariant under δ(2)g for physically well-defined fields that
vanish-off at ±∞. These continuous symmetry transformations (5) and (6) would play very
important roles in our later discussions on the subject of off-shell nilpotent and absolutely
anticommuting (anti-)BRST symmetries.
We shall focus on the form of the Lagrangian density L(1) for our further discussions
within the framework of BRST formalism where we shall discuss about the (anti-)BRST and
(anti-)co-BRST symmetry transformations which are basic ingredients to prove the present
4D massive Abelian 2-form gauge theory to be a model for the Hodge theory. We note that
the Lagrangian density L(1) is singular w.r.t. all the three basic fields (Bµν , φµ, φ˜µ) of the
theory (see, e.g. [44, 45]). Thus, for the BRST quantization of the theory, we have to add
the gauge-fixing terms which have their origin in the co-exterior derivative δ = −∗d∗ where
∗ is the Hodge duality operator on the 4D flat Minkowskian spacetime manifold and minus
sign has been taken because our background spacetime manifold is an even dimensional
(i.e. 4D). It can be readily checked that we have the following:
δ B(2) = − ∗ d ∗B(2) = dxµ(∂νBνµ),
δ φ(1) = − ∗ d ∗ φ(1) = (∂µφµ) ≡
(
∂ · φ),
δ φ˜(1) = − ∗ d ∗ φ˜(1) = (∂µφ˜µ) ≡
(
∂ · φ˜). (7)
Thus, the Lagrangian density L(1) is modified and generalized to L(2) as:
L(1) → L(2) = L(1) + 1
2
(∂νBνµ)(∂ρB
ρµ)− 1
2
(∂µφ
µ)(∂νφ
ν) +
1
2
(∂µφ˜
µ)(∂νφ˜
ν)
≡ L(1) + 1
2
(∂νBνµ)
2 − 1
2
(∂ · φ)2 + 1
2
(∂ · φ˜)2. (8)
In the above, different signs of the gauge-fixing terms have been chosen for the algebraic
convenience and we have adopted the short-hand notations: ∂µφ
µ = (∂ · φ) and ∂µφ˜µ =
‡We discuss, in detail, the key mathematical and physical ingredients about this claim in our Appendix
B.
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(∂ · φ˜). At this stage, we note the following. First of all, we have the discrete symmetry
transformations in the theory because under the following transformations
Bµν → ∓ i
2
εµνλρB
λρ, φµ → ± i φ˜µ, φ˜µ → ∓ i φµ, (9)
the Lagrangian density L(2) remains invariant (i.e. L(2) → L(2)). This observation is
interesting and important for us as its generalized version would play very important role
in our proof of this model to be an example of the Hodge theory. Furthermore, we obtain
the following EL-EOMs for the Lagrangian density L(2)
(2+m2)Bµν −mΦµν − m
2
εµνηκ Φ˜
ηκ = 0,
2φµ −m (∂νBνµ) = 0, 2 φ˜µ − m
2
εµνηκ ∂
νBηκ = 0, (10)
where the last equation can be also written as 2 φ˜µ − m3! εµνηκHνηκ = 0. It can be also
checked that we have: 2 (∂ · φ) = 0 and 2 (∂ · φ˜) = 0 from the last two equations of (10)
by applying a derivative on them.
The kinetic term (i.e. 1
12
HµνηH
µνη) for the antisymmetric tensor (Bµν) field and gauge-
fixing terms [1
2
(∂νBµν)
2 − 1
2
(∂ · φ)2 + 1
2
(∂ · φ˜)2] for the Bµν , φµ and φ˜µ fields, respectively,
can be linearized by invoking the auxiliary fields (Bµ, Bµ, B,B) as follows:
L(3) = 1
2
BµBµ − Bµ
(
1
2
εµνηκ ∂
νBηκ
)
− m
2
4
BµνBµν − 1
4
ΦµνΦµν
+
m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − 1
2
BµBµ +B
µ (∂νBνµ)
+
1
2
B2 +B (∂µφ
µ)− 1
2
B2 − B
(
∂µφ˜
µ
)
. (11)
At this stage, it is self-evident that the mass dimension of all the Nakanishi-Lautrup type
auxiliary fields (Bµ, Bµ, B,B) is [M ]2 for our massive 4D Abelian 2-form theory (in the
natural units where ~ = c = 1). It is straightforward to check that we have the following
EL-EOMs w.r.t. the auxiliary fields (Bµ, Bµ,B, B):
Bµ = 1
2
εµνηκ ∂
νBηκ, Bµ = ∂
νBνµ, B = −(∂ · φ˜), B = −(∂ · φ). (12)
We note that (∂ · B) = 0, (∂ · B) = 0 and the substitution of these values of the auxiliary
fields into L(3) produces the Lagrangian density L(2). Furthermore, we note that 2B = 0
and 2B = 0 because of 2 (∂ · φ) = 0 and 2 (∂ · φ˜) = 0, respectively.
The origin of these auxiliary fields is as follows. It is self-evident that, to linearize the
gauge-fixing terms [−1
2
(∂ · φ)2 + 1
2
(∂ · φ)2] for the Abelian 1-form fields, we require the
0-form auxiliary fields B and B, respectively. However, for the linearization of the gauge-
fixing term [1
2
(∂νBνµ)
2] for the 2-form field, we require a 1-form Bµ field. Since the kinetic
term ( 1
12
HµνηH
µνη) corresponds to the Abelian 2-form field Bµν , we have to linearize it by
using a 1-form which emerges from taking the Hodge dual of H(3) as:
∗H(3) = − 1
3!
dxµ
(
εµνηκH
νηκ
) ≡ dxµ (− 1
2
εµνηκ ∂
νBηκ
)
. (13)
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We have utilized the above expression in linearizing the kinetic term for the Abelian 2-form
gauge field Bµν by taking the help of an auxiliary 1-form field Bµ. The kinetic term for
the 1-form fields φµ and φ˜µ can not be linearized because we can not have a 0-form field to
accomplish this goal. Now the stage is set to discuss about the discrete symmetries of the
Lagrangian density L(3). These are as follows:
Bµν → ∓ i
2
εµνηκB
ηκ, φµ → ± i φ˜µ, φ˜µ → ∓ i φµ,
Bµ → ± iBµ, Bµ → ∓ i Bµ, B → ± iB, B → ∓ i B. (14)
It can be readily checked that the Lagrangian density L(3) remains invariant (i.e. L(3) →
L(3)) under the discrete symmetry transformations (14). We shall see later that these
transformations (i.e. (14)) would play very important role within the framework of BRST
formalism where their generalized forms would be very useful in the proof of this theory to
be a field-theoretic model for the Hodge theory.
We lay emphasis on the fact that the quantity ∗H(3) = dxµ(− 1
2
εµνηκ ∂
νBηκ), which has
been used in the linearization of the kinetic term for the Bµν field, is an axial-vector 1-form.
Thus, there is a room for its generalization because we can always add/subtract an axial-
vector field defined through an axial-vector 1-form ϕ˜(1) = dxµ ∂µϕ˜ to it. Furthermore, an
axial-vector of the kind φ˜(1) = dxµ φ˜µ can also be added to it with proper mass dimension.
Taking these inputs into account, we have the following generalizations:
1
2
εµνηκ∂
νBηκ → 1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ,
1
2
εµνηκ ∂
νBηκ → 1
2
εµνηκ ∂
νBηκ +
1
2
∂µϕ˜+mφ˜µ. (15)
In exactly similar fashion, the gauge-fixing terms, which have been derived through the
application of co-exterior derivative δ = −∗ d∗ (cf. (7)), can also be generalized as follows:
∂νBνµ → ∂νBνµ ∓ 1
2
∂µϕ+mφµ,
∂µφ
µ → ∂µφµ ± m
2
ϕ, ∂µφ˜
µ → ∂µφ˜µ ± m
2
ϕ˜. (16)
It should be noted here that, because of the existence of the (pseudo)scalar (ϕ˜)ϕ fields
and (axial-)vector (φ˜µ)φµ fields in our theory, we have added/subtracted these fields with
proper mass dimensions in the generalizations of the above gauge-fixing terms.
With the above modifications, the most general form of the coupled Lagrangian densities
(that would be useful for our further discussions) are as follows:
L(3) → L(1)(4) =
1
2
BµBµ − Bµ
(
1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ
)
− m
2
4
BµνBµν − 1
4
ΦµνΦµν
+
m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − 1
2
BµBµ
+ Bµ
(
∂νBνµ − 1
2
∂µϕ+mφµ
)
+
1
2
B2 +B
(
∂µφ
µ +
m
2
ϕ
)
− 1
2
B2 − B
(
∂µφ˜
µ +
m
2
ϕ˜
)
, (17)
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L(3) → L(2)(4) =
1
2
B¯µB¯µ + B¯µ
(
1
2
εµνηκ ∂
νBηκ +
1
2
∂µϕ˜+mφ˜µ
)
− m
2
4
BµνBµν − 1
4
ΦµνΦµν
+
m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − 1
2
B¯µB¯µ
− B¯µ
(
∂νBνµ +
1
2
∂µϕ+mφµ
)
+
1
2
B¯2 − B¯
(
∂µφ
µ − m
2
ϕ
)
− 1
2
B¯2 + B¯
(
∂µφ˜
µ − m
2
ϕ˜
)
. (18)
Here we have invoked the Nakanishi-Lautrup type auxiliary fields (B¯µ, B¯µ, B¯, B¯) for the
linearization of kinetic and gauge-fixing terms of our present theory. It is straightforward
to note that these auxiliary fields also have the mass dimension [M ]2 in the natural units
(~ = c = 1) for our present 4D massive Abelian 2-form gauge theory. The above coupled
Lagrangian densities lead to the following EL-EOM w.r.t. the auxiliary fields:
Bµ = 1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ, Bµ = ∂
νBνµ − 1
2
∂µϕ+mφµ,
B = −
(
∂ · φ˜+ m
2
ϕ˜
)
, B = −
(
∂ · φ+ m
2
ϕ
)
,
B¯µ = −
(1
2
εµνηκ ∂
νBηκ +
1
2
∂µϕ˜+mφ˜µ
)
, B¯µ = −
(
∂νBνµ +
1
2
∂µϕ+mφµ
)
,
B¯ = +
(
∂ · φ˜− m
2
ϕ˜
)
, B¯ = +
(
∂ · φ− m
2
ϕ
)
. (19)
The above equations automatically lead to the following CF-type restrictions§:
B + B¯ +mϕ = 0, B + B¯ +mϕ˜ = 0,
Bµ + B¯µ + ∂µϕ = 0, Bµ + B¯µ + ∂µϕ˜ = 0. (20)
The above conditions/constraints would play very important roles in our discussions on
the nilpotent (anti-) BRST and (anti-)co-BRST symmetries of the generalized versions of
the coupled Lagrangian densities L(1)(4) and L(2)(4) where we shall include the Faddeev-Popov
ghost terms. We would like to comment, in passing, that the following relations
B − B¯ + 2 (∂ · ϕ) = 0, B − B¯ + 2 (∂ · ϕ˜) = 0,
Bµ − B¯µ − 2
(
∂νBνµ +mφµ
)
= 0, Bµ − B¯µ − 2
(
εµνηκ ∂
νBηκ +mφ˜µ
)
= 0. (21)
would also play important roles in our discussions. However, these would not be as impor-
tant as the CF-type restrictions quoted in (20). All our discussions in this section are on
similar lines as our previous work [22] on the 2D Proca (i.e. a massive Abelian 1-form)
theory (cf. Appendix A) and massless 4D Abelian 2-form gauge theory [15].
We end our present section with the final brief remark on the existence of discrete
symmetry transformations in our theory which is described by the coupled but equivalent
§We discuss the existence and emergence of the CF-type restrictions in a diagrammatic language in our
Appendix C. We show that the clustering of fields at a point implies the CF-type relations/conditions.
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Lagrangian densities L(1)(4) and L(2)(4) (cf. Eqs. (17) and (18)). It can be explicitly checked
that under the following discrete transformations
φµ → ± i φ˜µ, φ˜µ → ∓ i φµ, ϕ→ ± i ϕ˜, ϕ˜→ ∓ i ϕ,
Bµ → ± iBµ, Bµ → ∓ i Bµ, B → ± iB, B → ∓ i B,
B¯µ → ± i B¯µ, B¯µ → ∓ i B¯µ, B¯ → ± i B¯, B¯ → ∓ i B¯,
Bµν → ∓ i
2
εµνηκB
ηκ, BµνB
µν → BµνBµν , (22)
the Lagrangian densities L(1)(4) and L(2)(4) remain invariant. It is to be noted that the mass
term of the Abelian 2-form gauge field (i.e. − m2
4
BµνBµν) remains invariant under the
discrete symmetry transformation (Bµν → ∓ i2 εµνηκBηκ). Furthermore, we observe that
the topological mass term (i.e. m
2
4
εµνηκBµνΦ˜ηκ) and mass term (
m
2
Bµν Φµν) exchange
with each other due to the discrete symmetry transformations (22). Finally, we point out
that the kinetic terms for φµ and φ˜µ fields (i.e. − 14 Φµν Φµν and 14 Φ˜µν Φ˜µν) exchange to
each other due to symmetry transformations listed in (22). These observations are exactly
similar to the observations made in the context of 2D Proca theory (cf. Appendix A).
We shall see that the discrete symmetry transformations (22) would be generalized within
the framework of BRST formalism in Sect. 6 (see below) where the discrete symmetry
transformations for the dynamical (anti-)ghost fields as well as auxiliary (anti-)ghost fields
would also be incorporated.
3 Off-shell nilpotent (anti-)BRST symmetries
We have discussed the “classical” gauge symmetry transformations (5) and (6) in the previ-
ous section. These local gauge transformations can be generalized at the “quantum” level,
within the framework of BRST formalism, in the language of continuous and infinitesimal
(anti-)BRST symmetry transformations s(a)b as:
sabBµν = −(∂µC¯ν − ∂νC¯µ), sabC¯µ = −∂µβ¯, sabCµ = B¯µ, sabβ = −λ
sabφµ = ∂µC¯ −mC¯µ, sabC¯ = −mβ¯, sabC = B¯, sabB = −mρ,
sabBµ = −∂µρ, sabϕ = ρ, sab[B¯, ρ, λ, β¯, B¯µ,Bµ, B¯µ, φ˜µ, ϕ˜,B, B¯, Hµνκ] = 0, (23)
sbBµν = −(∂µCν − ∂νCµ), sbCµ = −∂µβ, sbC¯µ = Bµ, sbβ¯ = −ρ
sbφµ = ∂µC −mCµ, sbC = −mβ, sbC¯ = B, sbB¯ = −mλ,
sbB¯µ = −∂µλ, sbϕ = λ, sb[B, ρ, λ, β,Bµ,Bµ, B¯µ, φ˜µ, ϕ˜,B, B¯, Hµνκ] = 0. (24)
A few comments, at this stage, are in order. First of all, we note that the above fermionic
(anti-)BRST symmetry transformations s(a)b are off-shell nilpotent (i.e. s
2
(a)b = 0) of order
two. Second, it can be checked that the field strength tensor Hµνη (owing its origin in the
exterior derivative d = dxµ∂µ) remains invariant under the (anti-)BRST transformations
(i.e. s(a)bHµνη = 0). To be precise, we observe that all the fields present in the kinetic
term of the Abelian 2-form field Bµν (cf. Eqs. (17) and (18)) remain invariant under the
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(anti-)BRST symmetry transformations s(a)b. Third, the nilpotent (anti-)BRST symmetry
transformations are supersymmetric-type because they change bosonic fields into fermionic
fields and vic`e-versa. Fourth, we point out that the (anti-)BRST symmetry transformations
s(a)b are absolutely anticommuting in nature
{sb, sab}Bµν = −∂µ
(
Bν + B¯ν
)
+ ∂ν
(
Bµ + B¯µ
)
,
{sb, sab}φµ = ∂µ
(
B + B¯
)−m (Bµ + B¯µ), (25)
provided we take into account the CF-type restrictions: Bµ + B¯µ + ∂µϕ = 0 and B + B¯ +
mϕ = 0 which have been derived in Eq. (20). Finally, we note that the above CF-type
restrictions are (anti-)BRST invariant (i.e. s(a)b(Bµ+B¯µ+∂µϕ) = 0, s(a)b(B+B¯+mϕ) = 0).
As a consequence, these restrictions are “physical” at the quantum level which could be
utilized, even from outside, for the specific proofs within the framework of BRST approach
to our present 4D massive Abelian 2-form free gauge theory.
The above nilpotent and absolutely anticommuting (anti-)BRST transformations are
the symmetry transformations for specific type of coupled (but equivalent) Lagrangian
densities which are generalizations of the Lagrangian densities (17) and (18) as follows:
L(1)(4) → L(B,B) = L(1)(4) + sb sab
[
− 1
2
φµφ
µ +
1
4
BµνB
µν − 1
2
C¯µCµ − 1
2
C¯C
+
1
4
β¯β +
1
4
ϕ2 − 1
4
ϕ˜2 +
1
2
φ˜µφ˜µ
]
, (26)
L(2)(4) → L(B¯,B¯) = L(2)(4) − sab sb
[
− 1
2
φµφ
µ +
1
4
BµνB
µν − 1
2
C¯µCµ − 1
2
C¯C
+
1
4
β¯β +
1
4
ϕ2 − 1
4
ϕ˜2 +
1
2
φ˜µφ˜µ
]
, (27)
where s(a)b are nothing but the (anti-)BRST symmetry transformations written in Eqs. (24)
and (23). The above forms of Lagrangian densities imply, in a straightforward fashion, the
BRST invariance of L(B,B) and anti-BRST invariance of L(B¯,B¯) due to the off-shell nilpotency
(i.e. s2(a)b = 0) of s(a)b. As a consequence of the absolute anticommutativity of s(a)b (i.e.
sb sab + sab sb = 0), it is also evident that the anti-BRST invariance of L(B,B) and BRST
invariance of L(B¯,B¯) would require the use of CF-type restrictions for their proof. This is
due to the fact that the absolute anticommutativity (sb sab + sab sb = 0) property of s(a)b is
satisfied if and only if the CF-type conditions are satisfied. To be more specific, it is clear
that when sb would act on L(B¯,B¯), we have to use its absolute anticommutativity property
to prove the invariance of this specific Lagrangian density. Similar argument is valid when
sab acts on L(B,B) to prove the anti-BRST invariance of this specific Lagrangian density.
It is interesting to mention here some of the specific features that are associated with
the combination of fields that have been written in the parenthesis of Eqs. (27) and (28)
on the r.h.s. We note, in this context, that the final ghost number of all the individual
terms (in the parenthesis) is zero so that the application of sb and sab together on these
terms maintains this ghost number. In other words, the Lagrangian density should possess
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terms that carry the ghost number equal to zero. Furthermore, we observe that the mass
dimension of all the individual terms is equal to two so that the application of sb and sab
on the individual terms leads to the terms of the Lagrangian densities having the mass
dimension four (as is required for a well-defined 4D theory which is renormalizable and
consistent).
To corroborate the above statements, we derive here the explicit forms of the coupled
(but equivalent) Lagrangian densities so that we could apply the (anti-)BRST symme-
try transformations s(a)b on them explicitly. The expanded and explicit forms of these
Lagrangian densities, in terms of the basic and auxiliary fields, are as follows:
L(B,B) = 1
2
BµBµ − Bµ
(
1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ
)
− m
2
4
BµνBµν − 1
4
ΦµνΦµν
+
m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − 1
2
BµBµ
+ Bµ
(
∂νBνµ − 1
2
∂µϕ+mφµ
)
+
1
2
B2 +B
(
∂µφ
µ +
m
2
ϕ
)
− 1
2
B2 − B
(
∂µφ˜
µ +
m
2
ϕ˜
)
+
(
∂µC¯ −mC¯µ
)(
∂µC −mCµ)
− (∂µC¯ν − ∂νC¯µ)(∂µCν)− 1
2
∂µβ¯ ∂
µβ +
1
2
m2 β¯β
− 1
2
(
∂µC¯
µ +mC¯ +
ρ
4
)
λ− 1
2
(
∂µC
µ +mC − λ
4
)
ρ, (28)
L(B¯,B¯) =
1
2
B¯µB¯µ + B¯µ
(
1
2
εµνηκ ∂
νBηκ +
1
2
∂µϕ˜+mφ˜µ
)
− m
2
4
BµνBµν − 1
4
ΦµνΦµν
+
m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − 1
2
B¯µB¯µ
− B¯µ
(
∂νBνµ +
1
2
∂µϕ+mφµ
)
+
1
2
B¯2 − B¯
(
∂µφ
µ − m
2
ϕ
)
− 1
2
B¯2 + B¯
(
∂µφ˜
µ − m
2
ϕ˜
)
+
(
∂µC¯ −mC¯µ
)(
∂µC −mCµ)
− (∂µC¯ν − ∂νC¯µ)(∂µCν)− 1
2
∂µβ¯ ∂
µβ +
1
2
m2 β¯β
− 1
2
(
∂µC¯
µ +mC¯ +
ρ
4
)
λ− 1
2
(
∂µC
µ +mC − λ
4
)
ρ, (29)
where (C¯µ)Cµ and (C¯)C are the fermionic (C¯
2
µ = 0, C
2
µ = 0, CµCν + CνCµ = 0, C¯µC¯ν +
C¯νC¯µ = 0, C¯µCν+CνC¯µ = 0, C
2 = 0, C¯2 = 0, CC¯+C¯C = 0, etc.) (anti-) ghost fields which
are the Lorentz vectors and scalars with ghost numbers (−1) + 1, the bosonic (anti-)ghost
fields (β¯)β carry the ghost number equal to (−2) + 2, (ρ)λ are the auxiliary (anti-)ghost
fields with ghost numbers (−1) + 1, respectively. Rest of the symbols have already been
explained in our previous section. Both the above Lagrangian densities are coupled because
of the existence of the CF-type restrictions that are quoted in Eq. (20). At this stage, it
is essential to mention that the mass dimension of (C¯µ, Cµ, β¯, β) is [M ] and that of (ρ)λ is
equal to [M ]2 (in natural units where ~ = c = 1).
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The above coupled Lagrangian densities are equivalent on the hypersurface in the 4D
Minkowskian spacetime manifold where the CF-type restrictions (20) are satisfied. This is
due to the fact that both of them respect the (anti-)BRST symmetry transformations as
sbL(B,B) = −∂µ
[
mεµνηκ φ˜ν
(
∂ηCκ
)
+Bν
(
∂µCν − ∂νCµ)+ 1
2
Bµ λ
− B(∂µC −mCµ)− 1
2
(
∂µβ
)
ρ
]
, (30)
sabL(B¯,B¯) = −∂µ
[
mεµνηκ φ˜ν
(
∂ηC¯κ
)− B¯ν(∂µC¯ν − ∂νC¯µ)+ 1
2
B¯µ ρ
+ B¯
(
∂µC¯ −mC¯µ)− 1
2
(
∂µβ¯
)
λ
]
, (31)
sbL(B¯,B¯) = −∂µ
[
mεµνηκ φ˜ν
(
∂ηCκ
)− (∂νBνµ − 1
2
Bµ +mφµ
)
λ
− B¯ν
(
∂µCν − ∂νCµ)+ B¯(∂µC −mCµ)− 1
2
(
∂µβ
)
ρ
]
+
1
2
[
Bµ + B¯µ + ∂µϕ
](
∂µλ
)− ∂µ[Bν + B¯ν + ∂νϕ](∂µCν − ∂νCµ)
− m[Bµ + B¯µ + ∂µϕ](∂µC −mCµ)− m
2
[
B + B¯ +mϕ
]
λ
+ ∂µ
[
B + B¯ +mϕ
](
∂µC −mCµ), (32)
sabL(B,B) = −∂µ
[
mεµνηκ φ˜ν
(
∂ηC¯κ
)
+
(
∂νB
νµ +
1
2
B¯µ +mφµ
)
ρ
+ Bν
(
∂µC¯ν − ∂νC¯µ)−B(∂µC¯ −mC¯µ)− 1
2
(
∂µβ¯
)
λ
]
+
1
2
[
Bµ + B¯µ + ∂µϕ
](
∂µρ
)
+ ∂µ
[
Bν + B¯ν + ∂νϕ
](
∂µC¯ν − ∂νC¯µ)
+ m
[
Bµ + B¯µ + ∂µϕ
](
∂µC¯ −mC¯µ)− m
2
[
B + B¯ +mϕ
]
ρ
− ∂µ
[
B + B¯ +mϕ
](
∂µC¯ −mC¯µ), (33)
which demonstrate that, due to the validity of CF-type restrictions, we have:
sbL(B¯,B¯) = −∂µ
[
mεµνηκ φ˜ν
(
∂ηCκ
)− 1
2
(
∂µβ
)
ρ− B¯ν
(
∂µCν − ∂νCµ)
+ B¯
(
∂µC −mCµ)− (∂νBνµ − 1
2
Bµ +mφµ
)
λ
]
, (34)
sabL(B,B) = −∂µ
[
mεµνηκ φ˜ν
(
∂ηC¯κ
)− 1
2
(
∂µβ¯
)
λ+Bν
(
∂µC¯ν − ∂νC¯µ)
− B(∂µC¯ −mC¯µ)+ (∂νBνµ + 1
2
B¯µ +mφµ
)
ρ
]
. (35)
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As a consequence, we note that both the action integral S1 =
∫
d4xL(B,B), S2 =
∫
d4xL(B¯,B¯)
respect both the off-shell nilpotent symmetry transformations provided our whole theory is
confined to be defined on a hypersurface in the 4D Minkowskian spacetime manifold where
the CF-type restrictions (20) are satisfied.
According to the celebrated Noether theorem, the above invariances of the action inte-
grals (w.r.t. the continuous and infinitesimal (anti-)BRST symmetry transformations) lead
to the following Noether conserved currents:
Jµab = ε
µνηκ
(
mφ˜ν + B¯ν
)(
∂ηC¯κ
)
+
(
mBµν − Φµν)(∂νC¯ −mC¯ν)
− B¯(∂µC¯ −mC¯µ)−mβ¯(∂µC −mCµ)+ (∂µCν − ∂νCµ)(∂ν β¯)
+ B¯ν
(
∂µC¯ν − ∂νC¯µ)+ 1
2
(∂µβ¯)λ− 1
2
B¯µ ρ, (36)
Jµb = ε
µνηκ
(
mφ˜ν − Bν
)(
∂ηCκ
)
+
(
mBµν − Φµν)(∂νC −mCν)
+ B
(
∂µC −mCµ)+mβ(∂µC¯ −mC¯µ)− (∂µC¯ν − ∂νC¯µ)(∂νβ)
− Bν
(
∂µCν − ∂νCµ)+ 1
2
(∂µβ) ρ− 1
2
Bµ λ. (37)
The basic tenets of Noether’s theorem enforce the condition that the above currents are
conserved on the on-shell. In other words, the conservation law (i.e. ∂µJ
µ
(a)b = 0) can be
proven by taking the help of the following EL-EOMs derived from L(B,B), namely;
εµνηκ ∂µBν +m2
(
Bηκ − 1
m
Φηκ − 1
2m
εµνηκ Φ˜µν
)
+
(
∂ηBκ − ∂κBη) = 0,
εµνηκ ∂µBν +
m2
2
εµνηκ
(
Bµν − 1
m
Φµν − 1
2m
εµνζσ Φ˜
ζσ
)
− (∂ηBκ − ∂κBη) = 0,
∂µΦ
µν −m(∂µBµν −Bν)− ∂νB = 0, ∂µΦ˜µν +m(1
2
εµνηκ∂µBηκ + Bν
)
− ∂νB = 0,
Bµ =
(
1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ
)
, Bµ =
(
∂νBνµ − 1
2
∂µϕ+mφµ
)
,
B = −
(
∂µφ
µ +
m
2
ϕ
)
, B = −
(
∂µφ˜
µ +
m
2
ϕ˜
)
,
∂µB
µ +mB = 0, ∂µBµ +mB = 0,
(
2+m2
)
β = 0,
(
2+m2
)
β¯ = 0,
λ = 2
(
∂µC
µ +mC
)
, ρ = −2
(
∂µC¯
µ +mC¯
)
,
2C −m
(
∂µC
µ − λ
2
)
= 0, 2C¯ −m
(
∂µC¯
µ +
ρ
2
)
= 0,(
2+m2
)
Cµ − ∂µ
(
∂νC
ν +mC − λ
2
)
= 0,(
2+m2
)
C¯µ − ∂µ
(
∂νC¯
ν +mC¯ +
ρ
2
)
= 0, (38)
and the EL-EOMs that are derived from L(B¯,B¯) (and which are different from the above
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EL-EOMs from L(B,B)) are as follows:
εµνηκ ∂µB¯ν −m2
(
Bηκ − 1
m
Φηκ − 1
2m
εµνηκ Φ˜µν
)
+
(
∂ηB¯κ − ∂κB¯η) = 0,
εµνηκ ∂µB¯ν − m
2
2
εµνηκ
(
Bµν − 1
m
Φµν − 1
2m
εµνζσ Φ˜
ζσ
)
− (∂ηB¯κ − ∂κB¯η) = 0,
∂µΦ
µν −m(∂µBµν + B¯ν)+ ∂νB¯ = 0, ∂µΦ˜µν +m(1
2
εµνηκ∂µBηκ − B¯ν
)
+ ∂νB¯ = 0,
B¯µ = −
(
1
2
εµνηκ ∂
νBηκ +
1
2
∂µϕ˜+mφ˜µ
)
, B¯µ = −
(
∂νBνµ +
1
2
∂µϕ+mφµ
)
,
B¯ =
(
∂µφ
µ − m
2
ϕ
)
, B¯ =
(
∂µφ˜
µ − m
2
ϕ˜
)
,
∂µB¯
µ +mB¯ = 0, ∂µB¯µ +mB¯ = 0. (39)
The zero component of the above currents in (36) and (37) lead to the definition of conserved
Noether charges according to the Noether theorem. The (anti-)BRST charges Q(a)b =∫
d3x J0(a)b can be readily calculated from J
µ
(a)b (with ε
0ijk = ijk ≡ − ijk) as:
Qab =
∫
d3x
[
ijk
(
mφ˜i + B¯i
)(
∂jC¯k
)
+
(
mB0i − Φ0i)(∂iC¯ −mC¯i)
− B¯(∂0C¯ −mC¯0)−mβ¯(∂0C −mC0)+ (∂iβ¯)(∂0Ci − ∂iC0)
+ B¯i
(
∂0C¯i − ∂iC¯0)+ 1
2
(∂0β¯)λ− 1
2
B¯0 ρ
]
, (40)
Qb =
∫
d3x
[
ijk
(
mφ˜i − Bi
)(
∂jCk
)
+
(
mB0i − Φ0i)(∂iC −mCi)
+ B
(
∂0C −mC0)+mβ(∂0C¯ −mC¯0)− (∂iβ)(∂0C¯i − ∂iC¯0)
− Bi
(
∂0Ci − ∂iC0)+ 1
2
(∂0β) ρ− 1
2
B0 λ
]
. (41)
The above charges are the generators for the continuous (anti-)BRST symmetry transfor-
mations as we have the following
srΨ = ± i
[
Ψ, Qr
]
(±), r = b, ab, (42)
where (±) signs, as the subscripts on the square bracket, denote the bracket to be the
(anti)commutator for the generic field Ψ being (fermionic)bosonic in nature. The decisive
feature of the (anti-)BRST symmetry transformation is the observation that the curvature
(i.e. the field strength) tensor Hµνη, owing its origin to the exterior derivative (i.e. dB
(2) =
H(3) = 1
3
(dxµ ∧ dxν ∧ dxη)Hµνη), remains invariant under them (cf. Eqs. (23), (24)).
Hence, there is some connection between the nilpotent (anti-)BRST symmetries and d.
We end this section with the final remark that the nilpotency (Q2(a)b = 0) of the con-
served (anti-)BRST charges can be proven by using the general relationship (42), namely;
sbQb = −i
{
Qb, Qb
}
= 0 ⇒ Q2b = 0,
sabQab = −i
{
Qab, Qab
}
= 0 ⇒ Q2ab = 0, (43)
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where the l.h.s. can be computed precisely by using Eqs. (24), (41) and Eqs. (23), (40)
for the clinching proof of (43). The above Eq. (43) has been written for the continuous
symmetries s(a)b which are generated by the conserved (anti-)BRST charges Q(a)b.
4 Off-shell nilpotent (anti-)co-BRST symmetries
The (anti-)BRST invariant Lagrangian densities L(B,B) and L(B¯,B¯) are also endowed with
a set of fermionic (i.e. nilpotent) dual-BRST (i.e. co-BRST) and anti-dual (i.e. anti-co-
BRST) symmetry transformations s(a)d as
sadBµν = −εµνηκ∂ηCκ, sadC¯µ = B¯µ, sadCµ = ∂µβ, sadβ¯ = ρ,
sadφ˜µ = ∂µC −mCµ, sadC¯ = B¯, sadC = mβ, sadB = mλ,
sadBµ = ∂µλ, sadϕ˜ = −λ, sad[∂νBνµ, Bµ, B¯µ, B¯µ, B¯, B, B¯, ϕ, φµ, ρ, λ, β] = 0, (44)
sdBµν = −εµνηκ∂ηC¯κ, sdCµ = Bµ, sdC¯µ = −∂µβ¯, sdβ = −λ,
sdφ˜µ = ∂µC¯ −mC¯µ, sdC = B, sdC¯ = −mβ¯, sdB¯ = mρ,
sdB¯µ = ∂µρ, sdϕ˜ = − ρ, sd[∂νBνµ, Bµ,Bµ, B¯µ,B, B, B¯, ϕ, φµ, ρ, λ, β¯] = 0, (45)
because the Lagrangian densities L(B,B) and L(B¯,B¯) transform, under the above continuous
and infinitesimal (anti-)co-BRST transformations, as
sadL(B¯,B¯) = −∂µ
[
mεµνηκφν
(
∂ηCκ
)
+ B¯ν
(
∂µCν − ∂νCµ)+ 1
2
B¯µ λ
− B¯(∂µC −mCµ)+ 1
2
(
∂µβ
)
ρ
]
, (46)
sdL(B,B) = −∂µ
[
mεµνηκφν
(
∂ηC¯κ
)− Bν(∂µC¯ν − ∂νC¯µ)+ 1
2
Bµ ρ
+ B (∂µC¯ −mC¯µ)− 1
2
(
∂µβ¯
)
λ
]
, (47)
which demonstrate that the action integrals corresponding to L(B,B) and L(B¯,B¯): S1 =∫
d4xL(B,B) and S2 =
∫
d4xL(B¯,B¯) remain invariant under the (anti-)co-BRST symmetry
transformations for the physical fields that vanish-off at x → ±∞. Thus, we observe
that the Lagrangian density L(B,B) respects the nilpotent co-BRST symmetry in a perfect
manner as is the case with the Lagrangian density L(B¯,B¯) under the nilpotent anti-co-BRST
symmetry transformations.
The above symmetry invariance happens because we have to, first of all, find out the
consequences of the application of sd and sad on the combinations of fields that are present
in the parenthesis of Eqs. (ref26) and (27) on the r.h.s. In this context, we note the
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following very useful and interesting observations
sd sad
[
− 1
2
φµφ
µ +
1
4
BµνB
µν − 1
2
C¯µCµ − 1
2
C¯C +
1
4
β¯β +
1
4
ϕ2 − 1
4
ϕ˜2 +
1
2
φ˜µφ˜µ
]
=
1
2
BµBµ − Bµ
(
1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ
)
− 1
2
B2 − B
(
∂µφ˜
µ +
m
2
ϕ˜
)
+
(
∂µC¯ −mC¯µ
)(
∂µC −mCµ)− (∂µC¯ν − ∂νC¯µ)(∂µCν)− 1
2
∂µβ¯ ∂
µβ +
1
2
m2 β¯β
− 1
2
(
∂µC¯
µ +mC¯ +
ρ
4
)
λ− 1
2
(
∂µC
µ +mC − λ
4
)
ρ, (48)
− sad sd
[
− 1
2
φµφ
µ +
1
4
BµνB
µν − 1
2
C¯µCµ − 1
2
C¯C +
1
4
β¯β +
1
4
ϕ2 − 1
4
ϕ˜2 +
1
2
φ˜µφ˜µ
]
=
1
2
B¯µB¯µ + B¯µ
(
1
2
εµνηκ ∂
νBηκ +
1
2
∂µϕ˜+mφ˜µ
)
− 1
2
B¯2 + B¯
(
∂µφ˜
µ − m
2
ϕ˜
)
+
(
∂µC¯ −mC¯µ
)(
∂µC −mCµ)− (∂µC¯ν − ∂νC¯µ)(∂µCν)− 1
2
∂µβ¯ ∂
µβ +
1
2
m2 β¯β
− 1
2
(
∂µC¯
µ +mC¯ +
ρ
4
)
λ− 1
2
(
∂µC
µ +mC − λ
4
)
ρ, (49)
which are nothing but the sum of the kinetic term of Bµν field, gauge-fixing term for the
axial-vector field and the Faddeev-Popov ghost terms. As a consequence of the above
observations, we can write the Lagrangian densities L(B,B) and L(B¯,B¯), in their expanded
and explicit forms, as follows:
L(B,B) = m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − m
2
4
BµνBµν − 1
4
ΦµνΦµν
− 1
2
BµBµ +B
µ
(
∂νBνµ − 1
2
∂µϕ+mφµ
)
+
1
2
B2 +B
(
∂µφ
µ +
m
2
ϕ
)
+ sd sad
[
− 1
2
φµφ
µ +
1
4
BµνB
µν − 1
2
C¯µCµ − 1
2
C¯C +
1
4
β¯β
+
1
4
ϕ2 − 1
4
ϕ˜2 +
1
2
φ˜µφ˜µ
]
, (50)
L(B¯,B¯) =
m
2
BµνΦµν +
1
4
Φ˜µνΦ˜µν +
m
4
εµνηκBµνΦ˜ηκ − m
2
4
BµνBµν − 1
4
ΦµνΦµν
− 1
2
B¯µB¯µ − B¯µ
(
∂νBνµ +
1
2
∂µϕ+mφµ
)
+
1
2
B¯2 − B¯
(
∂µφ
µ − m
2
ϕ
)
− sad sd
[
− 1
2
φµφ
µ +
1
4
BµνB
µν − 1
2
C¯µCµ − 1
2
C¯C +
1
4
β¯β
+
1
4
ϕ2 − 1
4
ϕ˜2 +
1
2
φ˜µφ˜µ
]
. (51)
The above mathematical expressions prove the dual-BRST invariance of L(B,B) and anti-
dual-BRST invariance of L(B¯,B¯) due to the off-shell nilpotency (i.e. s2(a)d = 0) of the
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(anti-)co-BRST transformations (s(a)d) that are present in our theory. In other words, we
have the following transformations for L(B,B) and L(B¯,B¯):
sdL(B¯,B¯) = −∂µ
[
mεµνηκ φν
(
∂ηC¯κ
)]
, (52)
sadL(B,B) = −∂µ
[
mεµνηκ φν
(
∂ηCκ
)]
. (53)
The stage is now set to discuss about the absolute anticommutativity of the (anti-)co-BRST
symmetry transformations. In this context, we observe the following:
{sd, sad}Bµν = − εµνηκ∂η(Bκ + B¯κ),
{sd, sad} φ˜µ = ∂µ(B + B¯)−m (Bµ + B¯µ). (54)
It is straightforward to note that, for the absolute anticommutativity property (i.e.
{sd, sad} = 0) to be true, we have to invoke the CF-type restrictions: B+ B¯+mϕ˜ = 0 and
Bµ + B¯µ + ∂µϕ˜ = 0. We draw the conclusion that the property of the absolute anticommu-
tativity is valid if and only if the CF-type restrictions are satisfied. The key consequence of
the above result is the observation that the Lagrangian density L(B,B) respects the anti-dual
BRST symmetry, too, provided we invoke the potential and power of the CF-type restric-
tions. In exactly similar fashion, we note that the Lagrangian density L(B¯, B¯) respects
the dual-BRST symmetry transformations (sd) if we confine ourselves to the hypersurface
in the 4D Mankowskian spacetime manifold where the CF-type restrictions are satisfied.
Mathematically, we observe the following
sdL(B¯,B¯) = −∂µ
[
mεµνηκ φν
(
∂ηC¯κ
)− (1
2
εµνηκ ∂νBηκ − 1
2
Bµ +mφ˜µ
)
ρ
+ B¯ν
(
∂µC¯ν − ∂νC¯µ)− B¯(∂µC¯ −mC¯µ)− 1
2
(
∂µβ¯
)
λ
]
+
1
2
[Bµ + B¯µ + ∂µϕ˜](∂µρ)+ ∂µ[Bν + B¯ν + ∂νϕ˜](∂µC¯ν − ∂νC¯µ)
+ m
[Bµ + B¯µ + ∂µϕ˜](∂µC¯ −mC¯µ)− m
2
[B + B¯ +mϕ˜]ρ
− ∂µ
[B + B¯ +mϕ˜](∂µC¯ −mC¯µ), (55)
sadL(B,B) = −∂µ
[
mεµνηκ φν
(
∂ηCκ
)
+
(1
2
εµνηκ ∂νBηκ +
1
2
B¯µ +mφ˜µ
)
λ
− Bν
(
∂µCν − ∂νCµ)+ B(∂µC −mCµ)+ 1
2
(
∂µβ
)
ρ
]
+
1
2
[Bµ + B¯µ + ∂µϕ˜](∂µλ)− ∂µ[Bν + B¯ν + ∂νϕ˜](∂µCν − ∂νCµ)
− m[Bµ + B¯µ + ∂µϕ˜](∂µC −mCµ)− m
2
[B + B¯ +mϕ˜]λ
+ ∂µ
[B + B¯ +mϕ˜](∂µC −mCµ), (56)
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which capture the sanctity of statements made in the paragraph above these equations. In
other words, if we imposes the CF-type restrictions from outside, we obtain the following
transformations for L(B,B) and L(B¯,B¯)
sdL(B¯,B¯) = −∂µ
[
mεµνηκ φν
(
∂ηC¯κ
)− (1
2
εµνηκ ∂νBηκ − 1
2
Bµ +mφ˜µ
)
ρ
+ B¯ν
(
∂µC¯ν − ∂νC¯µ)− B¯(∂µC¯ −mC¯µ)− 1
2
(
∂µβ¯
)
λ
]
, (57)
sadL(B,B) = −∂µ
[
mεµνηκ φν
(
∂ηCκ
)
+
(1
2
εµνηκ ∂νBηκ +
1
2
B¯µ +mφ˜µ
)
λ
− Bν
(
∂µCν − ∂νCµ)+ B(∂µC −mCµ)+ 1
2
(
∂µβ
)
ρ
]
, (58)
which demonstrate that the action integrals corresponding to L(B,B) and L(B¯,B¯): S1 =∫
d4xL(B,B) and S2 =
∫
d4xL(B¯,B) remain invariant under both the co-BRST and anti-co-
BRST symmetry transformations.
Exploiting the theoretical strength of Noether’s theorem, we know that the above con-
tinuous (anti-)co-BRST symmetry transformations lead to the derivation of Noether’s con-
served currents as:
Jµd = ε
µνηκ
(
mφν −Bν
)(
∂ηC¯κ
)
+
(m
2
εµνηκBηκ + Φ˜
µν
)(
∂νC¯ −mC¯ν
)
− B(∂µC¯ −mC¯µ)−mβ¯(∂µC −mCµ)+ (∂µCν − ∂νCµ)(∂ν β¯)
+ Bν
(
∂µC¯ν − ∂νC¯µ)+ 1
2
(∂µβ¯)λ− 1
2
Bµ ρ, (59)
Jµad = ε
µνηκ
(
mφν + B¯ν
)(
∂ηCκ
)
+
(m
2
εµνηκBηκ + Φ˜
µν
)(
∂νC −mCν
)
+ B¯(∂µC −mCµ)−mβ(∂µC¯ −mC¯µ)+ (∂µC¯ν − ∂νC¯µ)(∂νβ)
− B¯ν
(
∂µCν − ∂νCµ)− 1
2
(∂µβ) ρ− 1
2
B¯µ λ. (60)
Using the EL-EOMs (quoted in Eqs. (38) and (39)), we can verify that ∂µJ
µ
(a)d = 0 which
demonstrates the validity of conservation of currents. The above conserved (anti-)co-BRST
Noether’s currents lead to the definition of the conserved (anti-)co-BRST charges which
are the generators for the continuous (anti-)co-BRST symmetry transformations. These
statements can be captured in the language of mathematical expressions. First of all, we
note that the (anti-)co-BRST charges (Q(a)d =
∫
d3x J0(a)d) are explicitly expressed as
Qad =
∫
d3x
[
ijk
(
mφi + B¯i
)(
∂jCk
)
+
(m
2
ijk Bjk + Φ˜
0i
)(
∂iC −mCi
)
+ B¯(∂0C −mC0)−mβ(∂0C¯ −mC¯0)+ (∂iβ)(∂0C¯i − ∂iC¯0)
− B¯i
(
∂0Ci − ∂iC0)− 1
2
(∂0β) ρ− 1
2
B¯0 λ
]
, (61)
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Qd =
∫
d3x
[
ijk
(
mφi −Bi
)(
∂jC¯k
)
+
(m
2
ijk Bjk + Φ˜
0i
)(
∂iC¯ −mC¯i
)
− B(∂0C¯ −mC¯0)−mβ¯(∂0C −mC0)+ (∂iβ¯)(∂0Ci − ∂νC0)
+ Bi
(
∂0C¯i − ∂iC¯0)+ 1
2
(∂0β¯)λ− 1
2
B0 ρ
]
, (62)
which are nilpotent of order two as can be explicitly checked by the following relationships
sdQd = −i
{
Qd, Qd
}
= 0, sadQad = −i
{
Qad, Qad
}
= 0, (63)
where the conserved charges Q(a)d have been used as the generators of the (anti-)co-BRST
symmetry transformations. To be precise, these charges are the generators of any kind of
fields (i.e. bosonic/fermionic) as quoted in Eq. (42) where we have to replace r = a, ab by
r = d, ad and rest of the symbols have their standard meaning(s) as explained earlier.
We end this section with the following crucial remarks. First of all, we observe that the
(anti-)co-BRST symmetry transformations are supersymmetric-type because they change
the bosonic fields into fermionic fields and vic`e-versa. Second, the ghost number of a field
decreases by one when we apply the co-BRST symmetry transformation on it. On the
contrary, the ghost number increases by one when we apply the anti-co-BRST symmetry
transformation on the same field. Finally, the decisive feature of the (anti-)co-BRST sym-
metry transformations is the observation that the total gauge-fixing term (for Bµν field) of
the theory remains invariant under these transformations.
5 Bosonic symmetry transformations
We have already observed, in our previous two sections, that there are four fermionic (i.e.
nilpotent) symmetry transformations in our present theory. These are the (anti-)BRST and
(anti-)co-BRST symmetry transformations which are nilpotent of order two and absolutely
anticommuting in nature. We have also made passing remarks that these fermionic sym-
metries are connected with the exterior and co-exterior derivatives of differential geometry.
Thus, it is but natural to think about the existence of bosonic symmetries in our theory.
It turns out that sω = {sb, sd} and sω¯ = {sab, sad} are the well-defined bosonic symmetry
transformations in our theory which can be written as:
sωBµν = −
(
∂µBν − ∂νBµ
)− εµνηκ ∂η Bκ, sωCµ = ∂µλ, sωC¯µ = ∂µ ρ,
sωφµ = ∂µB −mBµ, sωφ˜µ = ∂µB −mBµ, sωC = mλ, sωC¯ = mρ,
sω
[
Bµ, B¯µ,Bµ, B¯µ, B, B¯,B, B¯, ϕ, ϕ˜, β, β¯, ρ, λ
]
= 0, (64)
sω¯Bµν = −
(
∂µB¯ν − ∂νB¯µ
)− εµνηκ ∂η B¯κ, sω¯Cµ = −∂µλ, sω¯C¯µ = −∂µ ρ,
sω¯φµ = ∂µB¯ −m B¯µ, sω¯φ˜µ = ∂µB¯ −mB¯µ, sω¯C = −mλ, sω¯C¯ = −mρ,
sω¯
[
Bµ, B¯µ,Bµ, B¯µ, B, B¯,B, B¯, ϕ, ϕ˜, β, β¯, ρ, λ
]
= 0. (65)
A close look at the above transformations demonstrate that sω + sω¯ = 0 in all the trans-
formations corresponding to all the fields of our theory except in the case of fields Bµν , φµ,
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and φ˜µ. However, it turns out that if we exploit the theoretical potential of the CF-type
restrictions (cf. Eq. (20)), it can be readily checked that:(
sω + sω¯
)
Bµν = 0,
(
sω + sω¯
)
φµ = 0,
(
sω + sω¯
)
φ˜µ = 0. (66)
Hence, it is clear that, on the hypersurface where the CF-type restrictions are true, we have
the validity of sω +sω¯ = 0. In other words, there is existence of a unique bosonic symmetry
in our theory on the hypersurface in the 4D flat Minkowskian spacetime manifold which is
defined by the field equations corresponding to the CF-type restrictions (cf. Eq. (20)).
To verify the above statements, we note that the Lagrangian densities L(B,B) and L(B¯,B¯)
transform, under sω and sω¯, as follows
sωL(B,B) = −∂µ
[
mεµνηκφν
(
∂ηBκ
)
+mεµνηκϕ˜ν
(
∂ηBκ
)− Bν(∂µBν − ∂νBµ)
+ Bν
(
∂µBν − ∂νBµ)+ B(∂µB −mBµ)−B(∂µB −mBµ)
+
1
2
(
∂µρ
)
λ+
1
2
(
∂µλ
)
ρ
]
, (67)
sω¯L(B¯,B¯) = −∂µ
[
mεµνηκφν
(
∂ηB¯κ
)
+mεµνηκϕ˜ν
(
∂ηB¯κ
)
+ B¯ν
(
∂µB¯ν − ∂νB¯µ)
− B¯ν
(
∂µB¯ν − ∂νB¯µ)− B¯(∂µB¯ −mB¯µ)+ B¯(∂µB¯ −mB¯µ)
− 1
2
(
∂µρ
)
λ− 1
2
(
∂µλ
)
ρ
]
, (68)
which demonstrate that the action integrals corresponding to L(B,B) and L(B¯,B¯): S1 =∫
d4xL(B,B) and S2 =
∫
d4xL(B¯,B¯) remain invariant under sω and sω¯, respectively. In other
words, we have the bosonic symmetries sω and sω¯ for the coupled Lagrangian densities
L(B,B) and L(B¯,B¯) (cf. Eqs. (67), (68)), respectively. However, these bosonic symmetries
are the symmetry transformations for both the Lagrangian densities on the hypersurface
defined by the CF-type restrictions as can be seen by the following explicit transformations
(i.e. from the expressions for sω¯L(B,B) and sωL(B¯,B¯)), namely;
sω¯L(B,B) = −∂µ
[
mεµνηκφν
(
∂ηB¯κ
)
+mεµνηκϕ˜ν
(
∂ηB¯κ
)− Bν(∂µB¯ν − ∂νB¯µ)
+ Bν
(
∂µB¯ν − ∂νB¯µ)+ B(∂µB¯ −mB¯µ)−B(∂µB¯ −mB¯µ)
− 1
2
(
∂µρ
)
λ− 1
2
(
∂µλ
)
ρ
]
+ ∂µ
[
Bν + B¯ν + ∂νϕ
] (
∂µB¯ν − ∂νB¯µ)
− ∂µ
[Bν + B¯ν + ∂νϕ˜] (∂µB¯ν − ∂νB¯µ)
− [∂µ(B + B¯ +mϕ)−m (Bµ + B¯µ + ∂µϕ)] (∂µB¯ −mB¯µ)
+
[
∂µ
(B + B¯ +mϕ˜)−m (Bµ + B¯µ + ∂µϕ˜)] (∂µB¯ −mB¯µ), (69)
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sωL(B¯,B¯) = −∂µ
[
mεµνηκφν
(
∂ηBκ
)
+mεµνηκϕ˜ν
(
∂ηBκ
)
+ B¯ν
(
∂µBν − ∂νBµ)
− B¯ν
(
∂µBν − ∂νBµ)− B¯(∂µB −mBµ)+ B¯(∂µB −mBµ)
+
1
2
(
∂µρ
)
λ+
1
2
(
∂µλ
)
ρ
]
− ∂µ
[
Bν + B¯ν + ∂νϕ
] (
∂µBν − ∂νBµ)
+ ∂µ
[Bν + B¯ν + ∂νϕ˜] (∂µBν − ∂νBµ)
+
[
∂µ
(
B + B¯ +mϕ
)−m (Bµ + B¯µ + ∂µϕ)] (∂µB −mBµ)
− [∂µ(B + B¯ +mϕ˜)−m (Bµ + B¯µ + ∂µϕ˜)] (∂µB −mBµ), (70)
which prove that both the Lagrangian densities respect both the symmetry transformations
sω and sω¯. However, the operator relationship sω + sω¯ = 0 on the hypersurface in the 4D
Minkowskian spacetime manifold (where the CF-type restriction are true) implies that we
have a unique bosonic symmetry transformation (i.e. either sω or sω¯) out of the two.
According to Noether’s theorem, the above continuous bosonic symmetry transforma-
tions lead to the following expressions for the conserved currents:
Jµω = ε
µνηκ
(
mφν −Bν
)(
∂ηBκ
)
+ εµνηκ
(
mφ˜ν − Bν
)(
∂ηBκ
)
− (mBν − ∂νB) (mBµν − Φµν)− (mBν − ∂νB) (m
2
εµνηκBηκ + Φ˜
µν
)
− (∂µC¯ν − ∂νC¯µ)(∂νλ)+ (∂µCν − ∂νCµ)(∂νρ)
+ m
(
∂µC¯ −mC¯µ)λ−m(∂µC −mCµ)ρ, (71)
Jµω¯ = ε
µνηκ
(
mφν + B¯ν
) (
∂ηB¯κ
)
+ εµνηκ
(
mφ˜ν + B¯ν
) (
∂ηB¯κ
)
− (mB¯ν − ∂νB¯) (mBµν − Φµν)− (mB¯ν − ∂νB¯) (m
2
εµνηκBηκ + Φ˜
µν
)
+
(
∂µC¯ν − ∂νC¯µ)(∂νλ)− (∂µCν − ∂νCµ)(∂νρ)
− m(∂µC¯ −mC¯µ)λ+m(∂µC −mCµ)ρ. (72)
It is very important to point out that the above currents are not independent of each
other on the hypersurface in the 4D Minkowskian spacetime manifold where the CF-type
restrictions are satisfied (cf. Eq. (20)). This is due to the fact that:
Jµω + J
µ
ω¯ = 0. (73)
As a consequence of the above observation, we note that the following charges Qω =∫
d3x J0ω and Qω¯ =
∫
d3x J0ω¯, namely;
Qω =
∫
d3x
[
ijk
(
mφi −Bi
)(
∂jBk
)
+ ijk
(
mφ˜i − Bi
)(
∂jBk
)
− (mBi − ∂iB) (mB0i − Φ0i)− (mBi − ∂iB) (m
2
ijk Bjk + Φ˜
0i
)
− (∂0C¯i − ∂iC¯0)(∂iλ)+ (∂0Ci − ∂iC0)(∂iρ)
+ m
(
∂0C¯ −mC¯0)λ−m(∂0C −mC0)ρ], (74)
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Qω¯ =
∫
d3x
[
ijk
(
mφi + B¯i
) (
∂jB¯k
)
+ ijk
(
mφ˜i + B¯i
) (
∂jB¯k
)
− (mB¯i − ∂iB¯) (mB0i − Φ0i)− (mB¯i − ∂iB¯) (m
2
ijk BjkΦ˜
0i
)
+
(
∂0C¯i − ∂iC¯0)(∂iλ)− (∂0Ci − ∂iC0)(∂iρ)
− m(∂0C¯ −mC¯0)λ+m(∂0C −mC0)ρ], (75)
are also not independent of each other if we exploit the beauty and strength of the CF-type
restrictions (cf. Eq. (20)). In fact, we lay emphasis on the fact that we have a unique
bosonic charge Qω = {Qb, Qd} = −{Qab, Qad} = −Qω¯ on the hypersurface in the 4D
Minkowskian spacetime manifold where the CF-type restrictions (cf. Eq. (20)) are true.
We point out that the currents (71) and (72) are conserved (i.e. ∂µJ
µ
ω = ∂µJ
µ
ω¯ = 0) due to
the EL-EOMs that are given in Eqs. (38) and (39) (cf. Sect. 3 for more details).
6 Ghost-scale symmetry and discrete symmetries
In addition to the five symmetries (i.e. four fermionic and one unique bosonic symmetries),
we have a continuous symmetry in our theory which is known as the ghost-scale symmetry
transformation. This symmetry is confined to the fields present in the Faddeev–Popov
ghost sector of the Lagrangian densities L(B,B) and L(B¯,B¯). The characteristic feature of the
ghost-scale symmetry transformation is the fact that only the (anti-)ghost fields transform
(according to their ghost numbers) and the rest of the ordinary fields of the theory do not
transform at all. For our theory, we have the following ghost-scale symmetry transforma-
tions (with Ω = spacetime independent scale parameter), namely;
Cµ → e+Ω Cµ, C¯µ → e−Ω C¯µ, C → e+ΩC, C¯ → e−Ω C¯,
β → e+2Ω β, β¯ → e−2Ω β¯, λ→ e+Ω λ, ρ→ e−Ω ρ, Ψ→ e0 Ψ, (76)
where Ψ(= Bµν , φµ, φ˜µ, Bµ, B¯µ,Bµ, B¯µ, B, B¯,B, B¯, ϕ, ϕ˜) is the generic ordinary field of the
theory with ghost number equal to zero. In the above, the numeral in the exponent cor-
respond to the ghost number for a specific (anti-)ghost field under consideration. The
infinitesimal version (sg) of the above ghost-scale symmetry transformations is
sgCµ = +Cµ, sgC¯µ = − C¯µ, sgC = +C, sgC¯ = − C¯,
sgβ = +2 β, sgβ¯ = −2 β¯, sgρ = − ρ, sgλ = +λ,
sg
[
Bµν , φµ, φ˜µ, Bµ, B¯µ,Bµ, B¯µ, B, B¯,B, B¯, ϕ, ϕ˜
]
= 0, (77)
where, for the sake of brevity, we have taken the constant (i.e. spacetime independent)
global scale parameter Ω = 1. It is elementary to check that sgL(B,B) = sgL(B¯,B¯) = 0
which demonstrate that the coupled Lagrangian densities (as well as their corresponding
action integrals) remain invariant under the infinitesimal version (sg) of the ghost-scale
transformations (cf. Eqs. (76), (77)) which are continuous symmetry transformations for
our massive 4D Abelian 2-form theory.
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We exploit now the Noether theorem to derive the expressions for the conserved current
and charge for the infinitesimal version of the ghost-scale symmetry transformations as:
Jµg = −
(
∂µC¯ν − ∂νC¯µ)Cν − (∂µCν − ∂νCµ)C¯ν + (∂µC¯ −mC¯µ)C
+
(
∂µC −mCµ)C − β(∂µβ¯) + β¯(∂µβ)− 1
2
Cµ ρ+
1
2
C¯µ λ, (78)
Qg =
∫
d3x J0g = −
∫
d3x
[(
∂0C¯i − ∂iC¯0)Ci + (∂0Ci − ∂iC0)C¯i − (∂0C¯ −mC¯0)C
− (∂0C −mC0)C + β(∂0β¯)− β¯(∂0β) + 1
2
C0 ρ− 1
2
C¯0 λ
]
. (79)
It is quite straightforward to note that the conservation of the current and charge is hidden
in the proof ∂µJ
µ
g = 0. For the proof of the latter (i.e. ∂µJ
µ
g = 0), we have to use the
EL-EOMs that have been listed in Eqs. (38) and (39). We also note that the charge Qg is
the generator for the infinitesimal transformation (sg) when we use the general expression
(cf. Eq. (42)) for the relationship between the continuous symmetry transformation sr and
the generator Qr. For the case of ghost-scale infinitesimal symmetry transformation, it is
clear that we have to take r = g in the general expression (cf. Eq. (42)).
We end our discussion on the ghost-scale infinitesimal symmetry transformations with
the following remarks. First of all, we note that the following are true, namely;
sgQb = −i
[
Qb, Qg
]
= +Qb, sgQd = −i
[
Qd, Qg
]
= −Qd,
sgQab = −i
[
Qab, Qg
]
= −Qb, sgQad = −i
[
Qad, Qg
]
= +Qad,
sgQω = −i
[
Qg, Qω
]
= 0, sgQg = −i
[
Qg, Qg
]
= 0. (80)
In the above, we have utilized the symmetry principle which provides a connection between
the continuous symmetry transformation and corresponding conserved charge as its gener-
ator. The above algebra is very important because if we define the ghost number of a state
|ψ〉n in the quantum Hilbert space of states by n (i.e. i Qg|ψ〉n = n |ψ〉n) which is nothing
but the eigenvalue of the operator “i Qg”, we observe the following
i QgQb |ψ〉n = (n+ 1)Qb |ψ〉n, i QgQad |ψ〉n = (n+ 1)Qad |ψ〉n,
i QgQab |ψ〉n = (n− 1)Qab |ψ〉n, i QgQd |ψ〉n = (n− 1)Qd |ψ〉n,
i QgQω |ψ〉n = nQω |ψ〉n. (81)
The above equations demonstrate that the ghost numbers of states (Qb|ψ〉n, Qd|ψ〉n,
Qω|ψ〉n) and (Qad|ψ〉n, Qb|ψ〉n, Qω|ψ〉n) are (n + 1), (n − 1) and n, respectively. This
observation would play very important role in our Sect. 7. Second, we observe that the
ghost charge is bosonic in nature despite the fact that, in our theory, there are fermionic
as well as bosonic ghost fields (that are primarily needed for the validity of unitarity).
Now we dwell a bit on the generalization of the discrete symmetry transformations (22)
that are present at the gauge-fixed Lagrangian densities (17) and (18). We note that the
transformations (22) are amongst the bosonic fields of our theory. As far as the (anti-)BRST
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and (anti-)co-BRST Lagrangian densities L(B,B) and L(B¯,B¯) are concerned , we observe that
under the following discrete transformations
φµ → ± i φ˜µ, φ˜µ → ∓ i φµ, ϕ→ ± i ϕ˜, ϕ˜→ ∓ i ϕ,
Bµ → ± iBµ, Bµ → ∓ i Bµ, B → ± iB, B → ∓ i B,
B¯µ → ± i B¯µ, B¯µ → ∓ i B¯µ, B¯ → ± i B¯, B¯ → ∓ i B¯,
Cµ → ± i C¯µ, C¯µ → ± i Cµ, C → ± i C¯, C¯ → ± i C,
ρ→ ∓ i λ, λ→ ∓ i ρ, β → ± i β¯, β¯ → ∓ i β,
Bµν → ∓ i
2
εµνηκB
ηκ, BµνB
µν → BµνBµν , (82)
the above Lagrangian densities remain invariant. A close look at the above discrete symme-
try transformations demonstrate that actually there are two discrete symmetry transforma-
tions that are hidden in it depending on the upper and lower signatures that are associated
with the fields of the theory. It is also clear that the kinetic and gauge-fixing parts of the
coupled Lagrangian densities have a separate set of discrete symmetry transformations (cf.
Eq. (22)) than the ghost part of the (anti-)BRST and (anti-)co-BRST invariant Lagrangian
densities L(B,B) and L(B¯,B¯).
We end our discussion on the discrete symmetry transformations with the remark that
these transformations would play a decisive role in the next section (i.e. Sect. 7) where
we shall discuss about the algebraic structures of the operator form of the charges and
symmetries and establish their connection with the algebra of cohomological operators.
7 Algebraic structures: Symmetry transformation
operators and conserved charges
It is clear that we have six continuous symmetries in the theory out of which four are
fermionic and two are bosonic. In addition, we have demonstrated the existence of a couple
of discrete symmetries in the theory (which are very useful and important for us). One can
check that the continuous symmetry transformations (i.e. s(a)b, s(a)d, sω, sg) satisfy the
following algebra (in their operator form), namely;
s2b = 0, s
2
ab = 0, s
2
d = 0, s
2
ad = 0, sω = {sb, sd} = −sω¯,
{sb, sab} = 0, {sd, sad} = 0, {sb, sad} = 0, {sab, sd} = 0,
[sg, sb] = +sb, [sg, sab] = −sab, [sg, sd] = −sd, [sg, sad] = +sad,
[sω, sr] = 0, r = b, ab, d, ad, g, s(a)d = ± ∗ s(a)b ∗ . (83)
The above algebra demonstrates that sω is like a Casimir operator (but not in the Lie
algebraic sense). However, the validity of the above algebra requires the importance of the
CF-type restrictions. In other words, the above algebra is satisfied on the hypersurface,
defined in the 4D Minkowaskian flat spacetime manifold, where the CF-type restrictions
(20) are valid. In fact, the CF-type restrictions (cf. Eq. (20)) are the field equations that
fully define and characterize the hypersurface we are talking about in our chosen flat 4D
Minkowskian spacetime manifold on which our theory is defined.
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One of the crucial relationships that the above symmetry operators satisfy (in their
operator form) is
s(a)d = ± ∗ s(a)b ∗, (84)
where ∗ is nothing but the discrete symmetry transformations we have discussed in our
previous section (cf. Eq. (82)). Thus, we note that it is an interplay between the underlying
discrete as well as continuous symmetries of the theory that provide the physical realization
of the celebrated relationship between the (co-)exterior derivatives (i.e. δ = ± ∗ d ∗) of
the cohomological operators of the differential geometry. We further note that the algebra
(83) provides the physical realization of the Hodge algebra [7–10] that is satisfied by the
de Rham cohomological operators of differential geometry, namely;
d2 = 0, δ2 = 0
{
d, δ
}
= ∆,[
δ, d
]
= 0,
[
∆, δ
]
= 0, δ = ± ∗ d∗, (85)
where the (co-)exterior derivatives (δ)d and the Laplacian operator ∆ constitute a set
(d, δ,∆) of the cohomological operators of differential geometry [7–10].
We have defined and discussed about the conserved currents and charges (in our previous
section) which are the generators of the continuous symmetry transformations. It turns
out that these charges satisfy exactly the same algebra as the symmetry operators (cf. Eq.
(83)). In other words, we have the following
Q2b = 0, Q
2
ab = 0, Q
2
d = 0, Q
2
ad = 0,
{Qb, Qab} = 0, {Qd, Qad} = 0, {Qb, Qad} = 0, {Qab, Qd} = 0,
i [Qg, Qb] = +Qb, i[Qg, Qab] = −Qab, i [Qg, Qd] = −Qd, i [Qg, Qad] = +Qad,
Qω = {Qb, Qd} = −{Qab, Qad}, [Qω, Qr] = 0, r = b, ab, d, ad, g, (86)
which demonstrate that Qω is just like the Casimir operator for the whole algebra (but not
in the Lie algebraic sense). The above algebra is also reminiscent of the algebra satisfied
by the de Rham cohomological operators of differential geometry (cf. Eq. (85)). A close
look at (??) shows that we have the following two-to-one mappings from the charges to
cohomological operators:(
Qb, Qad
)↔ d, (Qd, Qab)↔ δ, (Qω, −Qω¯)↔ ∆, (87)
from the physically well-defined conserved charges corresponding to the continuous and
infinitesimal symmetry transformations to the mathematically well-defined de Rham coho-
mological operators.
As a consequence of the above realizations, one can define the Hodge decomposition
theorem [7–10] in the quantum Hilbert space of states for any arbitrary state |ω〉n with the
ghost number n (i.e. i Qg |ω〉n = n |ω〉n)
|ω〉n = |h〉n +Qb |α〉n−1 +Qd |β〉n+1
= |h〉n +Qad |α〉n−1 +Qb |β〉n+1, (88)
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where |h〉n is the harmonic state (i.e. Qω |h〉n = 0 ⇒ Qb |h〉n = 0, Qd |h〉n = 0 and
Qab |h〉n = 0, Qad |h〉n = 0), Qb |α〉n−1 is the BRST-exact state and Qd |β〉n+1 is the BRST
co-exact state in the quantum Hilbert space of states. The most symmetric state (i.e.
physical state) is the harmonic state which is annihilated by all the conserved charges of
the theory (i.e. Q(a)b |phys〉 = 0, Q(a)d |phys〉 = 0, Qω |phys〉 = 0). Here the state |phys〉 is
nothing but the harmonic state |h〉n that must be chosen as the physical state (i.e. |phys〉).
At the physical level, such a state would be annihilated by, at least, BRST charge and co-
BRST charge which would lead to the annihilation of the physical state by the first-class
constraints. We have performed such kind of computations in our earlier works [5,6,11–16].
The same kind of analysis can be repeated for our system under consideration, too.
We wrap up this section with the remark that the symmetry operators and/or the con-
served charges of our theory provide the physical realizations of the cohomological operators
of differential geometry. Hence, our 4D massive Abelian 2-form gauge theory is a tractable
field-theoretic model for the Hodge theory (which leads to the existence and emergence of
the fields/particles with negative kinetic terms that we discuss below).
8 Dark matter and dark energy: A brief remark
We have demonstrated that the free 4D massive Abelian 2-form gauge theory is a tractable
field-theoretic model for the Hodge theory where the discrete and continuous symmetries
play pivotal roles in providing the physical realizations of all the mathematical ingredients
(connected with the set of well-known de Rham cohomological operators of differential
geometry). A decisive role is played by the discrete symmetry transformations of our
theory where we note that the pseudo-scalar and axial-vector fields appear with negative
kinetic terms but with proper definition of mass. Thus, these fields are the possible can-
didates for the dark matter as they have never ever been detected by any experimental
techniques/observations, so far.
Let us focus on the explicit expression for the kinetic term for the Abelian 2-form field
(Bµν) in our present discussion: This term is as follows:
1
2
BµBµ − Bµ
(
1
2
εµνηκ ∂
νBηκ − 1
2
∂µϕ˜+mφ˜µ
)
. (89)
Using the EL-EOM, we observe that Bµ = 12 εµνηκ ∂νBηκ− 12 ∂µϕ˜+mφ˜µ. Thus, this kinetic
tem is, primarily, equal to −1
2
BµBµ on the on-shell. When we substitute the expression for
Bµ into it, we obtain the following kinetic terms for the Bµν and pseudo-scalar fields (along
with other useful terms)
1
12
HµνηHµνη − 1
8
∂µϕ˜ ∂µϕ˜− m
4
εµνηκBµνΦ˜ηκ − m
2
2
φ˜µ φ˜
µ +
m
2
φ˜µ ∂µϕ˜, (90)
where the total spacetime derivative terms have been dropped due to obvious reasons.
The above equation demonstrates that we have obtained the correct signature of the Kalb-
Ramond Lagrangian density for the antisymmetric tensor gauge field (Bµν). However, the
corresponding signature of the kinetic term for the pseudo-scalar field is negative. Thus,
the pseudo-scalar field turns up in our theory with negative kinetic term.
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The above observation should be contrasted with the gauge-fixing term for the 4D
Abelian 2-form gauge field (Bµν). The linearized version of this term is
Bµ
(
∂νBνµ − 1
2
∂µϕ+mφµ
)
− 1
2
BµBµ, (91)
where Bµ = ∂
νBνµ − 12 ∂µϕ + mφµ. The above term is basically equal to 12 BµBµ on the
on-shell. It is evident that the kinetic term for the pure scalar field ϕ and the gauge-fixing
term for the Bµν field appear in the theory as
1
2
(
∂νBνµ
)(
∂ρB
ρµ
)
+
1
8
∂µϕ∂µϕ+
m2
2
φµφµ − m
2
φµ ∂µϕ+m
(
∂νBνµ
)
φµ, (92)
which demonstrate that the kinetic term for the pure scalar field is positive. It is interesting
to point out that both (i.e. the pure scalar and pseudo-scalar) fields obey the normal Klein-
Gordan equations of motion, namely;(
2+m2
)
ϕ = 0,
(
2+m2
)
ϕ˜ = 0. (93)
Thus, both the fields/particles are endowed with the proper definition of mass.
We would like to point out now the peculiarities connected with the kinetic terms
associated with the vector field φµ and axial-vector field φ˜µ. First of all, we observe that
these kinetic terms are not invariant under the (anti-)BRST symmetry transformations. As
a consequence, the field strength tensors Φµν = ∂µφν−∂νφµ and Φ˜µν = ∂µφ˜ν−∂νφ˜µ are not
gauge-invariant quantities. Thus, these can not be identified with the U(1) gauge potential
Aµ which is present in the field strength tensor Fµν = ∂µAν − ∂νAµ of the Maxwell theory.
Second point to be noted is the observation that both of kinetic terms have opposite signs.
Thus, if one of them correspond to an observable field/particle, the other would correspond
to the dark matter because both the 1-form potentials obey the proper Klein-Gordon EOM
like Eq. (93). Hence, both the vector and axial-vector fields are endowed with the proper
definition of the rest mass (i.e. m > 0). However, these real fields have explicit kinetic
terms with different signatures. Therefore, one of them is a dark matter candidate.
We would like to end this section with the concluding remarks that 4D massive Abelian
2-form gauge theory is a tractable field-theoretic model of the Hodge theory which is en-
dowed with multitude of discrete and continuous symmetry transformations which provide
the physical realizations of all the mathematical ingredients associated with the de Rham
cohomological operators of differential geometry. In particular, it is the existence of the
discrete symmetry transformations (cf. Eq. (82)) that provide the physical realizations of
the Hodge duality operation of differential geometry. Thus, for the model to be a Hodge
theory (within framework of BRST formalism), all the terms of the coupled (but equivalent)
Lagrangian densities are fixed. As a consequence, there is no freedom to change them by
other kind of terms in any manner. Thus, it is the symmetries of the field-theoretic model
for the Hodge theory that force the existence of fields/particles with negative kinetic terms
which turn out to be the candidates for the dark matter because their masses are defined
properly. Finally, we note that the massless limit (i.e. m = 0), in the Stu¨ckelberg modified
version of Abelian 1-form and 2-form gauge theories, lead to the existence of fields/particles
with negative kinetic energy terms only (cf. our earlier works [6,15]). Such fields/particles
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would correspond to the dark energy within the framework of BRST approach to p-form
(p = 2, 3, 4, ...) gauge theories because the basic fields in these theories are taken to be
massless due to the power and potential of the gauge symmetries. Hence, we note that the
study of field-theoretic models of Hodge theory are, ultimately, useful in the physical sense.
9 Conclusions
In our present investigation, we have shown that the 4D massive Abelian 2-form gauge
theory is a tractable field-theoretic model for the Hodge theory within the framework
of BRST formalism (where the celebrated Stu¨ckelberg’s approach has been exploited to
convert the massive Abelian 2-form theory into a gauge theory). In the process of the proof
of the present model to be an example of Hodge theory, we have been forced to incorporate
a pseudo-scalar field and an axial-vector field which turn up, in the theory, with negative
kinetic terms but with appropriate definition of mass. Hence, such kind of fields/particles
are the candidates for the dark matter. The massless limit of such fields/particles are
described by only the negative kinetic terms. Thus, such massless fields/particles are the
candidates for the dark energy. We, ultimately, conclude that the candidates of dark matter
and dark energy can be discussed and described in a unified manner within the framework
of BRST approach to p-form (p = 1, 2, 3, ...) massive theories in D = 2p dimensions of
spacetime (where Stu¨ckelberg’s approach plays an important role).
In the context of the above, it is pertinent to point out that we have proven that
the 2D Proca theory, with the help of Stu¨ckelberg’s approach, is a model for the Hodge
theory within the framework BRST formalism where only a single pseudo-scalar field is
incorporated in the theory [22]. This field turns up with the negative kinetic term but
with a proper definition of mass (because it satisfies the proper Klein-Gordon equation of
motion). An essential feature of such kind of theories is the existence of discrete symmetry
transformations which provide the physical realizations of the Hodge duality operation
of differential geometry. It is the requirement of such kinds of symmetries that forces the
existence and emergence of fields/particles with negative kinetic term. The other continuous
symmetries of the theory provide the physical realizations of the de Rham cohomological
operators of differential geometry within the framework of BRST approach to massive p-
form gauge theories. In fact, the operator form of the bosonic and fermionic symmetry
transformations satisfy the Hodge algebra [7–10] thereby rendering the theory to become
a model for the Hodge theory.
We would like to lay emphasis on the fact that when we have considered the 2D free
(non-)Abelian 1-form gauge theories (without mass) as well as 4D free Abelian 2-form
gauge theory (without mass), we have ended up with the pseudo-scalar fields with negative
kinetic terms only (without any mass). Hence, the proof of the p-form (p = 1, 2, 3, ...) gauge
theories (in D = 2p dimensions of spacetime) to be a model for the Hodge theory leads
to the existence and emergence of the candidates of dark energy (which are characterized
by only the negative kinetic terms) [5, 15]. However, we have shown that, in the proof of
massive p-form (p = 1, 2, 3, ...) theories to be the models for the Hodge theory (within the
framework of BRST formalism), the new fields turn up with the negative kinetic terms but
with proper definition of mass. Hence, they are the candidates of dark matter.
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We have proven the free 6D Abelian 3-form gauge theory to be a model for the Hodge
theory [6]. It would be a nice future endeavour to prove the massive 6D Abelian 3-form
gauge theory to be the tractable field-theoretic example for the Hodge theory. In this
context, we guess that we shall have to incorporate an axial Abelian 2-form field, an axial-
vector 1-form field and a pseudo-scalar field (in the Stu¨kelberg modified version of a massive
Abelian 3-form gauge theory) to prove it to be a model for the Hodge theory. All these
new fields would appear with negative kinetic terms and with proper definition of mass.
As a consequence, all these fields/particles would be the candidates of dark matter. It is
straightforward to draw the conclusion that, in the massless limit, these fields/particles
would correspond to the candidates for dark energy. We are actively involved with this
problem and our results would be reported elsewhere in our future publications.
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Appendix A: On the discrete symmetries of 2D Proca
theory: Negative kinetic term
We briefly mention here the key points connected with the two (1 + 1)-dimensional (2D)
Proca (i.e. a massive 2D Abelian 1-form) theory where the symmetry considerations lead
to the existence and emergence of a pseudo-scalar field with negative kinetic term [22]. In
this context, first of all, we begin with the Lagrangian density L(P )(0) for the Proca theory in
any arbitrary dimension of spacetime (with rest mass m) as:
L(P )(0) = −
1
4
F µνFµν +
m2
2
AµAµ, (A.1)
where the 2-form F (2) = dA(1) ≡ 1
2!
(dxµ ∧ dxν)Fµν defines the field strength tensor Fµν =
∂µAν − ∂νAµ for the Abelian 1-form (A(1) = dxµAµ) vector gauge field Aµ. The above
Lagrangian density leads to the following EL-EOM (with m2 6= 0), namely;
∂µF
µν +m2Aν = 0 =⇒ (∂ · A) ≡ (∂µAµ) = 0. (A.2)
Taking into account the Lorentz gauge (∂ · A) = 0, we observe that we have obtained
the Klein-Gordan EOM: (2 + m2)Aµ = 0 for a massive Abelian vector field Aµ. This
establishes the fact that the vector field Aµ is a massive bosonic field. At this stage, there
is no gauge symmetry in the theory as this massive Abelian 1-form theory is endowed with
the second-class constraints in the terminology of Dirac’s prescription for the classification
scheme [44, 45]. Using the Stu¨ckelberg approach to massive gauge theories, we modify the
Lagrangian density L(P )(0) of the Proca theory with the following re-definitions
Aµ → Aµ ∓ 1
m
∂µφ, (A.3)
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where φ is the pure scalar field. The substitution of this modified form of the vector
potential into (A.1) leads to the following modified version of the Lagrangian density
L(P )(0) → L(P )(1) = −
1
4
F µνFµν +
m2
2
AµAµ ∓mAµ ∂µφ+ 1
2
∂µφ ∂µφ, (A.4)
where the pure scalar field φ has the positive kinetic term. It can be readily checked that
(A.4) respects the following gauge symmetry transformations (i.e. δgL(P )(1) = 0), namely;
δgAµ = ∂µχ, δgφ = ±mχ, (A.5)
where χ is the local gauge transformation parameter. At this stage, the EL-EOMs are(
2+m2
)
Aµ − ∂µ(∂ · A)∓m∂µφ = 0, 2φ∓m (∂ · A) = 0, (A.6)
w.r.t. the gauge field Aµ and pure scalar field φ. The latter equation can be also derived
from the former equation by applying an ordinary derivative on it. This form of the
Lagrangian density in (A.4) is true for any arbitrary dimension of spacetime for an Abelian
1-form vector field Aµ within the framework of Stu¨ckelberg’s formalism.
We now focus on the 2D version of the Stu¨ckelberg modified Lagrangian density (A.4)
which reduces to the following form (with −1
4
F µνFµν =
1
2
E2), namely;
L(P ) = 1
2
E2 +
m2
2
AµA
µ ∓mAµ ∂µ φ+ 1
2
∂µ φ ∂
µ φ, (A.7)
where F01 = E is the electric field for the 2D theory (because this is the only existing
competent of the field strength tensor Fµν). It is also clear that E is a pseudo-scalar in two
dimensions because it has only one component and it changes sign under parity. This is
due to the fact that the electric field E is a polar vector (unlike the magnetic field which is
an axial vector). We note that, in 2D, the mass dimension of Aµ field is zero (i.e. [M ]
0) as
is the case with the scalar field φ but the electric field E has the mass dimension equal to
one (i.e [M ]) in the natural units: ~ = c = 1. For the canonical quantization of our theory
(described by the Lagrangian density (A.7)) as well as for the definition of the proper
propagator of the “massive” gauge field Aµ, we have to incorporate the gauge-fixing term
which owes its origin to the co-exterior derivative of differential geometry, namely;
δA(1) = − ∗ d ∗ (dxµAµ) = (∂ · A). (A.8)
It is self-evident that (∂ ·A) is a pure scalar and it has the mass dimension of one (i.e [M ]).
Hence, we have the freedom to add/subtract a pure scalar field with proper mass dimension
to it. Such a gauge-fixing term is: (∂ · A ±mφ). Thus, the modified Lagrangian density,
with the proper gauge-fixing term, is as follows:
L(P )(1) =
1
2
E2 +
m2
2
AµA
µ ∓mAµ ∂µ φ+ 1
2
∂µ φ ∂
µ φ− 1
2
(∂ · A±mφ)2. (A.9)
We now focus on the kinetic term (−1
4
F µνFµν =
1
2
E2) for the 2D Proca theory. As pointed
out earlier, the field strength tensor Fµν (derived from the 2-form F
(2) = dA(1)) has only
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one existing component F01 = E. This field is an anti-self-dual field in 2D because we have
the application of the Hodge duality operation on this 2-form (with the choice εµν as the
2D Levi-Civita tensor where εµν is its inverse) as:
∗ (dA(1)) = ∗
[ 1
2!
(dxµ ∧ dxν)Fµν
]
=
1
2!
εµν Fµν = ε
µν∂µAν = −E. (A.10)
Thus, we observe that (E → −E) under the duality operation in the case of 2D theory.
This is a pseudo-scalar which can be modified in the following manner (see, e.g. [22])
1
2
E2 → 1
2
(E ∓ mφ˜)2 − 1
2
∂µφ˜ ∂
µφ˜±mE φ˜, (A.11)
where φ˜ is a pseudo-scalar field with appropriate kinetic term and an interaction term with
the electric field. With the above modification, we have the final form of the Lagrangian
density for the modified version of the 2D Proca theory as (see, e.g. [22] for details)
L(P )(2) =
1
2
(E ∓mφ˜)2 − 1
2
∂µ φ˜ ∂
µ φ˜+
m2
2
AµA
µ ±mE φ˜ ∓ mAµ ∂µ φ
+
1
2
∂µ φ ∂
µ φ− 1
2
(∂ · A ± mφ)2, (A.12)
which respects the following discrete symmetry transformations:
Aµ → ± i εµν Aν , φ→ ± i φ˜, φ˜→ ∓ i φ. (A.13)
Thus, we note that, to have the perfect discrete symmetry in the theory, we have to incor-
porate a pseudo-scalar field (φ˜) with negative kinetic term¶. It is straightforward to check
that the pure scalar and pseudo-scaler fields obey the Klein-Gordon equation of motion:
(2+m2)φ = 0, (2+m2) φ˜ = 0. (A.14)
At this stage, the other field equations are:
(2+m2) (∂ · A) = 0, (2+m2)E = 0, (2+m2)Aµ = 0. (A.15)
We conclude from (A.14) that the pseudo-scalar field is a candidate for the dark matter
because it possesses the negative kinetic term but is endowed with the proper definition of
mass as it satisfies the proper Klein-Gordon equation of motion. The discrete symmetry
transformation (A.13) have been generalized (within the framework of BRST formalism
applied to the 2D Proca theory) and these symmetries play crucial role in providing the
physical realizations of the Hodge duality operation of differential geometry [22].
We end this Appendix with the concluding remarks that the 2D Proca (i.e. a massive
Abelian 1-form) theory has been considered within the framework of BRST formalism and
¶In fact, the modifications in (A.11) have been made keeping in mind the discrete symmetry transfor-
mations (A.13). We have utilized the discrete symmetry transformation: Aµ → ± i εµν Aν in our earlier
work, too [5, 17] where we have discussed the topological nature of 2D (non-)Abelian gauge theories. It is
very interesting to point out that the mass term (m
2
2 AµA
µ) remains invariant under the discrete symmetry
transformations for Aµ as is the case with (
m2
4 BµνB
µν) for the Abelian 2-form theory under (22).
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we have shown that the generalized form of the Lagrangian density (A.12) (that incorporates
the Faddeev-Popov ghost terms) provide a tractable field-theoretic model for the Hodge
theory where the pseudo-scalar field turns out to be a candidate for the dark matter [22]. In
fact, the continuous and discrete symmetry transformations of the (anti-)BRST invariant
Lagrangian densities provide the physical realizations of the de Rham cohomological oper-
ators of differential geometry [7–10]. In particular, the generalized version of the discrete
symmetry transformations (A.13) provide the physical realizations of the Hodge duality ∗
operation of differential geometry (which is one of the crucial mathematical ingredients of
the de Rham cohomological operators because the (co-)exterior derivatives are related by
δ = ± ∗ d ∗). It is the requirement and existence of the discrete symmetry transformations
that forces the kinetic term for the pseudo-scalar field to possess a negative sign and, hence,
it becomes a candidate for the dark matter. The massless limit (i.e. m = 0) leads to the
existence of dark energy as, in this limit, only the negative kinetic term exists.
Appendix B: Invariance of the kinetic term
We perform here explicit computations connected with the change in the kinetic term
( 1
12
HµνηHµνη) under the modification (cf. Eq. (2)) where we have:
Bµν → Bµν − 1
m
(
∂µφν − ∂νφµ + εµνηκ ∂ηφ˜κ
)
. (B.1)
It can be explicitly checked that, under (B.1), we obtain the following
Hµνη → Hµνη − 1
m
Σµνη, (B.2)
where the totally antisymmetric tensor Σµνη is explicitly expressed as:
Σµνη =
(
εµνρσ ∂η + ενηρσ ∂µ + εηµρσ ∂ν
)
∂ρφ˜σ. (B.3)
It is now straightforward to check that the kinetic term transforms as:
1
12
HµνηHµνη → 1
12
HµνηHµνη − 1
6m
HµνηΣµνη +
1
12m2
ΣµνηΣµνη. (B.4)
At this stage, it is crystal clear that (B.4) remains trivially invariant under the gauge trans-
formations (5) and (6). As a consequence, the terms on the r.h.s. of (B.4) remain invariant
(due to s(a)bHµνη = 0 and s(a)b φ˜µ = 0) under the (anti-)BRST symmetry transformations
(24) and (23), too. It is interesting to state that (B.4) also remains invariant under the
(anti-)co-BRST symmetry transformations (44) and (45) which lead to the following
sdHµνη = −
(
εµνρσ∂η + ενηρσ∂µ + εηµρσ∂ν
)(
∂ρC¯σ
)
,
sdΣµνη = −m
(
εµνρσ∂η + ενηρσ∂µ + εηµρσ∂ν
)(
∂ρC¯σ
)
,
sadHµνη = −
(
εµνρσ∂η + ενηρσ∂µ + εηµρσ∂ν
)(
∂ρCσ
)
,
sadΣµνη = −m
(
εµνρσ∂η + ενηρσ∂µ + εηµρσ∂ν
)(
∂ρCσ
)
. (B.5)
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We point out, however, that the second and third terms in (B.4) are higher derivative
terms. In other words, we note very precisely that there are three derivatives in the second
term of (B.4) and there are four derivatives in the third term. Such terms are problematic
and pathological as far as the renormalizability of our present theory is concerned. Thus,
we do not consider them in our cohomological discussions. As far as the proof of our
present massive field-theoretic model, to be an example of the Hodge theory, is concerned,
we focus only on the Lagrangian densities (28) and (29) within the framework of BRST
formalism which respect discrete as well as continuous symmetry transformations of various
kinds which enable us to figure and find out the physical realizations of the de Rham
cohomological operators of differential geometry [7–10] in terms of the conserved charges.
Appendix C: Emergence of CF-type restrictions
The existence of the CF-type restriction(s) is the hallmark of a p-form gauge theory when
it is discussed within the framework of BRST formalism [47, 48]. To be more precise, at
the quantum level, the existence of the CF-type restriction(s) is as fundamental as the
existence of the first-class constraints at the classical level for a given p-form gauge theory.
In our present Appendix, we show the emergence of CF-type restrictions using a diagram
where a single field is denoted by a single circle at a point and the (anti-)BRST symmetry
transformations s(a)b have been shown by arrows corresponding to the transformations
listed in Eqs. (24) and (23) where a specific field transforms to another field.
In the diagram, there are two layers of fields. The fields of top layer are represented
by blue circles and they correspond to all the fields that are obtained after the application
of (anti-)BRST symmetry transformations on the Abelian 2-form Bµν field (and its de-
scendants). The blue arrows denote the (anti-)BRST symmetry transformation operators
s(a)b. There is a bottom layer which corresponds to Abelian 1-form field φµ and its de-
scendants that are obtained by the application of (anti-)BRST symmetry transformations
s(a)b. The bottom fields also transform to top layer fields by the (anti-)BRST symmetry
operators s(a)b. The latter are denoted by red arrows. The exterior derivative d lifts the
lower ranked fields to higher rank fields. In other words, we note that sbB
(2) = dC(1) and
sabB
(2) = dC¯(1) which imply sbBµν = −(∂µCν − ∂νCµ) and sabBµν = −(∂µC¯ν − ∂νC¯µ)
modulo a sign factor. The key CF-type restriction: Bµ + B¯µ + ∂µϕ = 0 is also connected
by the relationship: B(1) + B¯(1) + dϕ(0) = 0 where the 0-form scalar field ϕ is lifted to the
1-form fields (B(1) = dxµBµ and B¯
(1) = dxµB¯µ) by the exterior derivative d.
The key observation of diagram (cf. Figure 1) is the fact that whenever two or three
fields cluster at the same point, there would be the existence of Cf-type restrictions where
(i) either three fields, existing in the same plane, would be connected by a restriction
(B+ B¯+mϕ = 0), (ii) or two fields in the same plane (i.e. Bµ and B¯µ) would be connected
to a lower rank field (i.e. ϕ existing in the bottom plane) by an exterior derivative (i.e.
Bµ + B¯µ + ∂µϕ = 0). The clustering of the fields has been denoted by double concentric
circles and/or triple concentric circles in the diagram.
In the above paragraph, we have discussed about the possible existence of CF-type
restrictions in the case of (anti-)BRST symmetry transformations through the diagram (cf.
Figure 1) and demonstrated that the clustering of the fields at a point (with the same
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Figure 1: Emergence of CF-type conditions
ghost number) ensures the emergence of CF-type restrictions/conditions (which are the
decisive features of a quantum gauge theory within the framework of BRST formalism).
In our present theory, there are nilpotent and absolutely anticommuting (anti-)co-BRST
symmetry transformations, too. These latter symmetries are absolutely anticommuting
only on a hypersurface in the 4D Minkowaskian spacetime manifold where the CF-type
restrictions (i.e. Bµ + B¯µ + ∂µϕ˜ = 0, B + B¯ +mϕ˜ = 0) are satisfied. Diagrammatically (cf.
Figure 2), the emergence of such kind of restrictions can be also discussed on exactly similar
lines of arguments as we have demonstrated the emergence of the CF-type restrictions in
the context of (anti-)BRST symmetry transformations (Figure 1). There is a decisive
and distinct difference, however. We note that, in the case of (anti-)co-BRST symmetry
transformations (i.e. s(a)dBµν) for the Abelian 2-form field, we have the relationships:
sdB
(2) = ∗dC¯(1) and sadB(2) = ∗dC(1) (where B(2) = 12!(dxµ ∧ dxν)Bµν , C(1) = dxµCµ and
C¯(1) = dxµC¯µ) which are different from the (anti-)BRST symmetry transformations where
we have: sbBµν = dC
(1) and sabBµν = dC¯
(1).
In Our earlier works [47, 48], we have established the connection between the CF-type
restrictions and the geometrical objects called gerbes. This deep connections physically
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Figure 2: Emergence of CF-type conditions
imply the linear independence of the BRST and anti-BRST symmetry transformations
and their corresponding BRST and anti-BRST charges. A similar kind of mathematical
connection can be established for the CF-type restrictions, existing in the case of (anti-
)co-BRST symmetry transformations (and their corresponding charges) and the ideas of
gerbes. We are working in this direction and our results would be reported elsewhere [49].
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